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There is no universally superior tensor format
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Computing with different formats can require very different code
A = B ∘ C
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 for (int pB = B1_pos[0];
          pB < B1_pos[1];
          pB++) {
   int i = B1_crd[pB];
   int j = B2_crd[pB];
   int pC = i * N + j;
   int pA = i * N + j;
   A[pA] = B[pB] * C[pC];
 }

Coordinate ✕ Dense array
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for (int i = 0; 
         i < M; 
         i++) {
  for (int pB = B2_pos[i]; 
           pB < B2_pos[i + 1];
           pB++) {
    int j = B2_crd[pB];
    int pC = i * N + j;
    int pA = i * N + j;
    A[pA] = B[pB] * C[pC];
  }
}
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Fig. 8. The most efficient strategies for computing the intersection merge of two vectors x andy, depending on
whether they support the locate capability and whether they are ordered and unique. The sparsity structure
of y is assumed to not be a strict subset of the sparsity structure of x . The flowchart on the right describes,
for each operand, what iterator conversions are needed at runtime to compute the merge.

If one of the input vectors,y, supports the locate capability (e.g., it is a dense array), we can instead
just iterate over the nonzero components of x and, for each component, locate the component with
the same coordinate in y. Lines 2–9 in Figure 1b shows another example of this method applied to
merge the column dimensions of a CSR matrix and a dense matrix. This alternative method reduces
the merge complexity from O(nnz(x) + nnz(y)) to O(nnz(x)) assuming locate runs in constant
time. Moreover, this method does not require enumerating the coordinates of y in order. We do not
even need to enumerate the coordinates of x in order, as long as there are no duplicates and we do
not need to compute output components in order (e.g., if the output supports the insert capability).
This method is thus ideal for computing intersection merges of unordered levels.

We can generalize and combine the two methods described above to compute arbitrarily complex
merges involving unions and intersections of any number of tensor operands. At a high level, any
merge can be computed by co-iterating over some subset of its operands and, for every enumerated
coordinate, locating that same coordinate in all the remaining operands with calls to locate. Which
operands need to be co-iterated can be identified recursively from the expression expr that we want
to compute. In particular, for each subexpression e = e1 op e2 in expr , let Coiter (e) denote the set
of operand coordinate hierarchy levels that need to be co-iterated in order to compute e . If op is an
operation that requires a union merge (e.g., addition), then computing e requires co-iterating over
all the levels that would have to be co-iterated in order to separately compute e1 and e2; in other
words, Coiter (e) = Coiter (e1) ∪Coiter (e2). On the other hand, if op is an operation that requires
an intersection merge (e.g., multiplication), then the set of coordinates of nonzeros in the result
e must be a subset of the coordinates of nonzeros in either operand e1 or e2. Thus, in order to
enumerate the coordinates of all nonzeros in the result, it suffices to co-iterate over all the levels
merged by just one of the operands. Without loss of generality, this lets us compute e without
having to co-iterate over levels merged by e2 that can instead be accessed with locate; in other
words,Coiter (e) = Coiter (e1)∪ (Coiter (e2) \LocateCapable(e2)), where LocateCapable(e2) denotes
the set of levels merged by e2 that support the locate capability.

4.5 Code Generation Algorithm

Figure 9a shows our code generation algorithm, which incorporates all of the concepts we presented
in the previous subsections. Each part of the algorithm is labeled from 1 to 11; throughout the
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If one of the input vectors,y, supports the locate capability (e.g., it is a dense array), we can instead
just iterate over the nonzero components of x and, for each component, locate the component with
the same coordinate in y. Lines 2–9 in Figure 1b shows another example of this method applied to
merge the column dimensions of a CSR matrix and a dense matrix. This alternative method reduces
the merge complexity from O(nnz(x) + nnz(y)) to O(nnz(x)) assuming locate runs in constant
time. Moreover, this method does not require enumerating the coordinates of y in order. We do not
even need to enumerate the coordinates of x in order, as long as there are no duplicates and we do
not need to compute output components in order (e.g., if the output supports the insert capability).
This method is thus ideal for computing intersection merges of unordered levels.

We can generalize and combine the two methods described above to compute arbitrarily complex
merges involving unions and intersections of any number of tensor operands. At a high level, any
merge can be computed by co-iterating over some subset of its operands and, for every enumerated
coordinate, locating that same coordinate in all the remaining operands with calls to locate. Which
operands need to be co-iterated can be identified recursively from the expression expr that we want
to compute. In particular, for each subexpression e = e1 op e2 in expr , let Coiter (e) denote the set
of operand coordinate hierarchy levels that need to be co-iterated in order to compute e . If op is an
operation that requires a union merge (e.g., addition), then computing e requires co-iterating over
all the levels that would have to be co-iterated in order to separately compute e1 and e2; in other
words, Coiter (e) = Coiter (e1) ∪Coiter (e2). On the other hand, if op is an operation that requires
an intersection merge (e.g., multiplication), then the set of coordinates of nonzeros in the result
e must be a subset of the coordinates of nonzeros in either operand e1 or e2. Thus, in order to
enumerate the coordinates of all nonzeros in the result, it suffices to co-iterate over all the levels
merged by just one of the operands. Without loss of generality, this lets us compute e without
having to co-iterate over levels merged by e2 that can instead be accessed with locate; in other
words,Coiter (e) = Coiter (e1)∪ (Coiter (e2) \LocateCapable(e2)), where LocateCapable(e2) denotes
the set of levels merged by e2 that support the locate capability.

4.5 Code Generation Algorithm
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[Tinney and Walker, 1967]

[Im and Yelick 1998]

Dense array tensor
Dense
Dense
Dense

The same level formats can be composed in many ways
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formats

 16

Hashed Range Offset

Coordinate matrix
Compressed

Singleton

CSR
Dense

Compressed

Coordinate tensor
Compressed

Singleton

Singleton

BCSR
Dense

Compressed

Dense

Dense

Dense Compressed Singleton

ELLPACK
Dense

Dense

Singleton

Mode-generic tensor
Compressed

Singleton

Dense

Dense

[Baskaran et al. 2012]

CSB
Dense

Dense

Compressed

Singleton [Kincaid et al. 1989]
[Buluç et al. 2009]

[Tinney and Walker, 1967]

[Im and Yelick 1998]

Dense array tensor
Dense
Dense
Dense

The same level formats can be composed in many ways



Tensor

formats

Level 

formats

 16

Hashed Range Offset

Coordinate matrix
Compressed

Singleton

CSR
Dense

Compressed

Coordinate tensor
Compressed

Singleton

Singleton

BCSR
Dense

Compressed

Dense

Dense

DIA
Dense
Range
Offset

Block DIA
Dense
Range
Offset
Dense
Dense

Hash map vector
Hashed

Dense Compressed Singleton

ELLPACK
Dense

Dense

Singleton

Mode-generic tensor
Compressed

Singleton

Dense

Dense

[Baskaran et al. 2012]

Hash map matrix
Hashed
Hashed

CSB
Dense

Dense

Compressed

Singleton [Kincaid et al. 1989]
[Buluç et al. 2009]

[Tinney and Walker, 1967]

[Im and Yelick 1998]

[Saad 2003]

[Patwary et al. 2015]

Dense array tensor
Dense
Dense
Dense

The same level formats can be composed in many ways
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for (int i = 0; i < m; i++) { 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Tensor Algebra Compiler 
(taco)

c : (compressed)
<latexit sha1_base64="znx8HB33iu6URMn3Pu43WWiyqTY=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIsQm7IihWQRvLCOYBSQizk7vJkNmdZeauGJY0/oqNhSK2foadf+PkUWjigYHDOfdw554gkcKg5307S8srq2vruY385tb2zq67t18zKtUcqlxJpRsBMyBFDFUUKKGRaGBRIKEeDG7Gfv0BtBEqvsdhAu2I9WIRCs7QSh33kNMrWmwhPGLGVWSzxkB3dNpxC17Jm4AuEn9GCmSGSsf9anUVTyOIkUtmTNP3EmxnTKPgEkb5VmogYXzAetC0NGYRmHY2OWBET6zSpaHS9sVIJ+rvRMYiY4ZRYCcjhn0z743F/7xmiuFlOxNxkiLEfLooTCVFRcdt0K7QwFEOLWFcC/tXyvtMM462s7wtwZ8/eZHUzkq+5XfnhfL1rI4cOSLHpEh8ckHK5JZUSJVwMiLP5JW8OU/Oi/PufExHl5xZ5oD8gfP5Awmdlg0=</latexit><latexit sha1_base64="znx8HB33iu6URMn3Pu43WWiyqTY=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIsQm7IihWQRvLCOYBSQizk7vJkNmdZeauGJY0/oqNhSK2foadf+PkUWjigYHDOfdw554gkcKg5307S8srq2vruY385tb2zq67t18zKtUcqlxJpRsBMyBFDFUUKKGRaGBRIKEeDG7Gfv0BtBEqvsdhAu2I9WIRCs7QSh33kNMrWmwhPGLGVWSzxkB3dNpxC17Jm4AuEn9GCmSGSsf9anUVTyOIkUtmTNP3EmxnTKPgEkb5VmogYXzAetC0NGYRmHY2OWBET6zSpaHS9sVIJ+rvRMYiY4ZRYCcjhn0z743F/7xmiuFlOxNxkiLEfLooTCVFRcdt0K7QwFEOLWFcC/tXyvtMM462s7wtwZ8/eZHUzkq+5XfnhfL1rI4cOSLHpEh8ckHK5JZUSJVwMiLP5JW8OU/Oi/PufExHl5xZ5oD8gfP5Awmdlg0=</latexit><latexit sha1_base64="znx8HB33iu6URMn3Pu43WWiyqTY=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIsQm7IihWQRvLCOYBSQizk7vJkNmdZeauGJY0/oqNhSK2foadf+PkUWjigYHDOfdw554gkcKg5307S8srq2vruY385tb2zq67t18zKtUcqlxJpRsBMyBFDFUUKKGRaGBRIKEeDG7Gfv0BtBEqvsdhAu2I9WIRCs7QSh33kNMrWmwhPGLGVWSzxkB3dNpxC17Jm4AuEn9GCmSGSsf9anUVTyOIkUtmTNP3EmxnTKPgEkb5VmogYXzAetC0NGYRmHY2OWBET6zSpaHS9sVIJ+rvRMYiY4ZRYCcjhn0z743F/7xmiuFlOxNxkiLEfLooTCVFRcdt0K7QwFEOLWFcC/tXyvtMM462s7wtwZ8/eZHUzkq+5XfnhfL1rI4cOSLHpEh8ckHK5JZUSJVwMiLP5JW8OU/Oi/PufExHl5xZ5oD8gfP5Awmdlg0=</latexit><latexit sha1_base64="znx8HB33iu6URMn3Pu43WWiyqTY=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIsQm7IihWQRvLCOYBSQizk7vJkNmdZeauGJY0/oqNhSK2foadf+PkUWjigYHDOfdw554gkcKg5307S8srq2vruY385tb2zq67t18zKtUcqlxJpRsBMyBFDFUUKKGRaGBRIKEeDG7Gfv0BtBEqvsdhAu2I9WIRCs7QSh33kNMrWmwhPGLGVWSzxkB3dNpxC17Jm4AuEn9GCmSGSsf9anUVTyOIkUtmTNP3EmxnTKPgEkb5VmogYXzAetC0NGYRmHY2OWBET6zSpaHS9sVIJ+rvRMYiY4ZRYCcjhn0z743F/7xmiuFlOxNxkiLEfLooTCVFRcdt0K7QwFEOLWFcC/tXyvtMM462s7wtwZ8/eZHUzkq+5XfnhfL1rI4cOSLHpEh8ckHK5JZUSJVwMiLP5JW8OU/Oi/PufExHl5xZ5oD8gfP5Awmdlg0=</latexit>

B : (dense, compressed, compressed)
<latexit sha1_base64="4q1Sk4lxncbqFoMX5S1GLw3t+GQ=">AAACIXicbVDLSgMxFM34rPVVdekmWIQKIjMiWFyVunFZwT6gLSWTuW2DmcyQ3BHL0F9x46+4caFId+LPmD4W2vZA4OSce29yjx9LYdB1v52V1bX1jc3MVnZ7Z3dvP3dwWDNRojlUeSQj3fCZASkUVFGghEasgYW+hLr/eDv260+gjYjUAw5iaIesp0RXcIZW6uSKZXpDCy2EZ0wDUAaG53R641FoJxkDwTLprJPLuxfuBHSReDOSJzNUOrlRK4h4EoJCLpkxTc+NsZ0yjYJLGGZbiYGY8UfWg6alioVg2ulkwyE9tUpAu5G2RyGdqH87UhYaMwh9Wxky7Jt5bywu85oJdovtVKg4QVB8+lA3kRQjOo6LBkIDRzmwhHEt7F8p7zPNONpQszYEb37lRVK7vPAsv7/Kl8qzODLkmJyQAvHINSmRO1IhVcLJC3kjH+TTeXXenS9nNC1dcWY9R+QfnJ9fTfykRA==</latexit><latexit sha1_base64="4q1Sk4lxncbqFoMX5S1GLw3t+GQ=">AAACIXicbVDLSgMxFM34rPVVdekmWIQKIjMiWFyVunFZwT6gLSWTuW2DmcyQ3BHL0F9x46+4caFId+LPmD4W2vZA4OSce29yjx9LYdB1v52V1bX1jc3MVnZ7Z3dvP3dwWDNRojlUeSQj3fCZASkUVFGghEasgYW+hLr/eDv260+gjYjUAw5iaIesp0RXcIZW6uSKZXpDCy2EZ0wDUAaG53R641FoJxkDwTLprJPLuxfuBHSReDOSJzNUOrlRK4h4EoJCLpkxTc+NsZ0yjYJLGGZbiYGY8UfWg6alioVg2ulkwyE9tUpAu5G2RyGdqH87UhYaMwh9Wxky7Jt5bywu85oJdovtVKg4QVB8+lA3kRQjOo6LBkIDRzmwhHEt7F8p7zPNONpQszYEb37lRVK7vPAsv7/Kl8qzODLkmJyQAvHINSmRO1IhVcLJC3kjH+TTeXXenS9nNC1dcWY9R+QfnJ9fTfykRA==</latexit><latexit sha1_base64="4q1Sk4lxncbqFoMX5S1GLw3t+GQ=">AAACIXicbVDLSgMxFM34rPVVdekmWIQKIjMiWFyVunFZwT6gLSWTuW2DmcyQ3BHL0F9x46+4caFId+LPmD4W2vZA4OSce29yjx9LYdB1v52V1bX1jc3MVnZ7Z3dvP3dwWDNRojlUeSQj3fCZASkUVFGghEasgYW+hLr/eDv260+gjYjUAw5iaIesp0RXcIZW6uSKZXpDCy2EZ0wDUAaG53R641FoJxkDwTLprJPLuxfuBHSReDOSJzNUOrlRK4h4EoJCLpkxTc+NsZ0yjYJLGGZbiYGY8UfWg6alioVg2ulkwyE9tUpAu5G2RyGdqH87UhYaMwh9Wxky7Jt5bywu85oJdovtVKg4QVB8+lA3kRQjOo6LBkIDRzmwhHEt7F8p7zPNONpQszYEb37lRVK7vPAsv7/Kl8qzODLkmJyQAvHINSmRO1IhVcLJC3kjH+TTeXXenS9nNC1dcWY9R+QfnJ9fTfykRA==</latexit><latexit sha1_base64="4q1Sk4lxncbqFoMX5S1GLw3t+GQ=">AAACIXicbVDLSgMxFM34rPVVdekmWIQKIjMiWFyVunFZwT6gLSWTuW2DmcyQ3BHL0F9x46+4caFId+LPmD4W2vZA4OSce29yjx9LYdB1v52V1bX1jc3MVnZ7Z3dvP3dwWDNRojlUeSQj3fCZASkUVFGghEasgYW+hLr/eDv260+gjYjUAw5iaIesp0RXcIZW6uSKZXpDCy2EZ0wDUAaG53R641FoJxkDwTLprJPLuxfuBHSReDOSJzNUOrlRK4h4EoJCLpkxTc+NsZ0yjYJLGGZbiYGY8UfWg6alioVg2ulkwyE9tUpAu5G2RyGdqH87UhYaMwh9Wxky7Jt5bywu85oJdovtVKg4QVB8+lA3kRQjOo6LBkIDRzmwhHEt7F8p7zPNONpQszYEb37lRVK7vPAsv7/Kl8qzODLkmJyQAvHINSmRO1IhVcLJC3kjH+TTeXXenS9nNC1dcWY9R+QfnJ9fTfykRA==</latexit>

A : (dense, dense)

Aij =
X

k

Bijkck

[Kjolstad et al. 2017]
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for (int i = 0; i < m; i++) { 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        A[pA2] += B[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Aij =
X

k

Bijk · ck
<latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="9QtCk7M63G3IchN+Z5Vs/Le7raY="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit>

taco generates code dimension by dimension
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for (int i = 0; i < m; i++) { 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        A[pA2] += B[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Aij =
X

k

Bijk · ck
<latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="9QtCk7M63G3IchN+Z5Vs/Le7raY="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit>

taco generates code dimension by dimension
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for (int i = 0; i < m; i++) { 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        A[pA2] += B[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Aij =
X

k

Bijk · ck
<latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="9QtCk7M63G3IchN+Z5Vs/Le7raY="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit>

taco generates code dimension by dimension
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for (int i = 0; i < m; i++) { 
  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 
    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_crd[pB3]; 
      int kc = c1_crd[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        A[pA2] += B[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Aij =
X

k

Bijk · ck
<latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="n5e1ptEuTL43cmV9t1ImHPSoNvM="></latexit><latexit sha1_base64="9QtCk7M63G3IchN+Z5Vs/Le7raY="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit><latexit sha1_base64="N+Gz0mErqtYlWzSRJfkrAyiSckE="></latexit>
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Compressed ⇥Singleton + Dense

CompressedSingleton + Dense+

Hand-coding support for a wide range of level formats is also infeasible
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Runnable code

Compressed ⇥ Hashed

How to compute with different data structures

How to compute with multiple operands
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Iterate over B and random access C 
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Compiler constructs efficient algorithm by reasoning about 

whether operands support required high-level operations
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Simultaneously iterate over B and C
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int pB2 = pB1 * N + j;
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int pB2 = j % W + pB1 * W; 
if (crd[pB2] != j &&  
    crd[pB2] != -1) { 
  int end = pB2; 
  do { 
    pB2 = (pB2 + 1) % W; 
  } while (crd[pB2] != j && 
           crd[pB2] != -1 && 
           pB2 != end); 
} 
if (crd[pB2] == j) {

Random access

Dense

Hashed

Level formats also specify how they support high-level operations

Compressed

Iteration

for (int j = 0; j < N; j++) { 
  int pB2 = pB1 * N + j;

for (int pB2 = pos[pB1];  
         pB2 < pos[pB1+1];  
         pB2++) { 
  int j = crd[pB2];

for (int pB2 = pB1 * W;  
         pB2 < (pB1 + 1) * W;  
         pB2++) { 
  int j = crd[pB2]; 
  if (j != -1) {

..
.
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for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
  int j = B2_crd[pB2]; 
  find corresponding element c in C 
  A[i][j] = B[pB2] * c; 
}
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  int j = B2_crd[pB2]; 
  find corresponding element c in C 
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}
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Compiler specializes constructed algorithm to operand formats 

by inlining code that implements required high-level operations

Compressed ⇥ Hashed
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for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1+1]; pB2++) { 
  int j = B2_crd[pB2]; 
  int pC2 = j % W + pC1 * W; 
  if (C2_crd[pC2] != j && C2_crd[pC2] != -1) { 
    int end = pC2; 
    do { 
      pC2 = (pC2 + 1) % W; 
    } while (C2_crd[pB2] != j && C2_crd[pB2] != -1 && pC2 != end); 
  } 
  if (C2_crd[pC2] == j) { 
    A[i][j] = B[pB2] * C[pC2]; 
  } 
}
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The same process can be repeated dimension by dimension
Aijk = Bijk + Cijk
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The same process can be repeated dimension by dimension

int iB = 0; 
int C0_pos = C0_pos_arr[0]; 
while (C0_pos < C0_pos_arr[1]) { 
  int iC = C0_idx_arr[C0_pos]; 
  int C0_end = C0_pos + 1; 
  if (iC == iB) 
    while ((C0_end < C0_pos_arr[1]) && (C0_idx_arr[C0_end] == iB)) { 
      C0_end++; 
    } 
  if (iC == iB) { 
    int B1_pos = B1_pos_arr[iB]; 
    int C1_pos = C0_pos; 
    while ((B1_pos < B1_pos_arr[iB + 1]) && (C1_pos < C0_end)) { 
      int jB = B1_idx_arr[B1_pos]; 
      int jC = C1_idx_arr[C1_pos]; 
      int j = min(jB, jC); 
      int A1_pos = (iB * A1_size) + j; 
      int C1_end = C1_pos + 1; 
      if (jC == j) 
        while ((C1_end < C0_end) && (C1_idx_arr[C1_end] == j)) { 
          C1_end++; 
        } 
      if ((jB == j) && (jC == j)) { 
        int B2_pos = B2_pos_arr[B1_pos]; 
        int C2_pos = C1_pos; 
        while ((B2_pos < B2_pos_arr[B1_pos + 1]) && (C2_pos < C1_end)) { 
          int kB = B2_idx_arr[B2_pos]; 
          int kC = C2_idx_arr[C2_pos]; 
          int k = min(kB, kC); 
          int A2_pos = (A1_pos * A2_size) + k; 
          if ((kB == k) && (kC == k)) { 
            A_val_arr[A2_pos] = B_val_arr[B2_pos] + C_val_arr[C2_pos]; 
          } else if (kB == k) { 
            A_val_arr[A2_pos] = B_val_arr[B2_pos]; 
          } else { 
            A_val_arr[A2_pos] = C_val_arr[C2_pos]; 
          } 
          if (kB == k) B2_pos++; 
          if (kC == k) C2_pos++; 
        } 
        while (B2_pos < B2_pos_arr[B1_pos + 1]) { 
          int kB0 = B2_idx_arr[B2_pos]; 
          int A2_pos0 = (A1_pos * A2_size) + kB0; 
          A_val_arr[A2_pos0] = B_val_arr[B2_pos]; 
          B2_pos++; 
        } 
        while (C2_pos < C1_end) { 
          int kC0 = C2_idx_arr[C2_pos]; 
          int A2_pos1 = (A1_pos * A2_size) + kC0; 
          A_val_arr[A2_pos1] = C_val_arr[C2_pos]; 
          C2_pos++; 
        } 
      } else if (jB == j) { 
        for (int B2_pos0 = B2_pos_arr[B1_pos];  
                 B2_pos0 < B2_pos_arr[B1_pos + 1]; B2_pos0++) { 
          int kB1 = B2_idx_arr[B2_pos0]; 
          int A2_pos2 = (A1_pos * A2_size) + kB1; 
          A_val_arr[A2_pos2] = B_val_arr[B2_pos0]; 
        } 
      } else { 
        for (int C2_pos0 = C1_pos; C2_pos0 < C1_end; C2_pos0++) { 
          int kC1 = C2_idx_arr[C2_pos0]; 
          int A2_pos3 = (A1_pos * A2_size) + kC1; 
          A_val_arr[A2_pos3] = C_val_arr[C2_pos0]; 
        } 
      } 
      if (jB == j) B1_pos++; 
      if (jC == j) C1_pos = C1_end; 
    }

    while (B1_pos < B1_pos_arr[iB + 1]) { 
      int jB0 = B1_idx_arr[B1_pos]; 
      int A1_pos0 = (iB * A1_size) + jB0; 
      for (int B2_pos1 = B2_pos_arr[B1_pos];  
               B2_pos1 < B2_pos_arr[B1_pos + 1]; B2_pos1++) { 
        int kB2 = B2_idx_arr[B2_pos1]; 
        int A2_pos4 = (A1_pos0 * A2_size) + kB2; 
        A_val_arr[A2_pos4] = B_val_arr[B2_pos1]; 
      } 
      B1_pos++; 
    } 
    while (C1_pos < C0_end) { 
      int jC0 = C1_idx_arr[C1_pos]; 
      int A1_pos1 = (iB * A1_size) + jC0; 
      int C1_end0 = C1_pos + 1; 
      while ((C1_end0 < C0_end) && (C1_idx_arr[C1_end0] == jC0)) { 
        C1_end0++; 
      } 
      for (int C2_pos1 = C1_pos; C2_pos1 < C1_end0; C2_pos1++) { 
        int kC2 = C2_idx_arr[C2_pos1]; 
        int A2_pos5 = (A1_pos1 * A2_size) + kC2; 
        A_val_arr[A2_pos5] = C_val_arr[C2_pos1]; 
      } 
      C1_pos = C1_end0; 
    } 
  } else { 
    for (int B1_pos0 = B1_pos_arr[iB];  
             B1_pos0 < B1_pos_arr[iB + 1]; B1_pos0++) { 
      int jB1 = B1_idx_arr[B1_pos0]; 
      int A1_pos2 = (iB * A1_size) + jB1; 
      for (int B2_pos2 = B2_pos_arr[B1_pos0];  
               B2_pos2 < B2_pos_arr[B1_pos0 + 1]; B2_pos2++) { 
        int kB3 = B2_idx_arr[B2_pos2]; 
        int A2_pos6 = (A1_pos2 * A2_size) + kB3; 
        A_val_arr[A2_pos6] = B_val_arr[B2_pos2]; 
      } 
    } 
  } 
  if (iC == iB) C0_pos = C0_end; 
  iB++; 
} 
while (iB < B0_size) { 
  for (int B1_pos1 = B1_pos_arr[iB];  
           B1_pos1 < B1_pos_arr[iB + 1]; B1_pos1++) { 
    int jB2 = B1_idx_arr[B1_pos1]; 
    int A1_pos3 = (iB * A1_size) + jB2; 
    for (int B2_pos3 = B2_pos_arr[B1_pos1];  
             B2_pos3 < B2_pos_arr[B1_pos1 + 1]; B2_pos3++) { 
      int kB4 = B2_idx_arr[B2_pos3]; 
      int A2_pos7 = (A1_pos3 * A2_size) + kB4; 
      A_val_arr[A2_pos7] = B_val_arr[B2_pos3]; 
    } 
  } 
  iB++; 
}

Aijk = Bijk + Cijk
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The same process can be repeated dimension by dimension

int iB = 0; 
int C0_pos = C0_pos_arr[0]; 
while (C0_pos < C0_pos_arr[1]) { 
  int iC = C0_idx_arr[C0_pos]; 
  int C0_end = C0_pos + 1; 
  if (iC == iB) 
    while ((C0_end < C0_pos_arr[1]) && (C0_idx_arr[C0_end] == iB)) { 
      C0_end++; 
    } 
  if (iC == iB) { 
    int B1_pos = B1_pos_arr[iB]; 
    int C1_pos = C0_pos; 
    while ((B1_pos < B1_pos_arr[iB + 1]) && (C1_pos < C0_end)) { 
      int jB = B1_idx_arr[B1_pos]; 
      int jC = C1_idx_arr[C1_pos]; 
      int j = min(jB, jC); 
      int A1_pos = (iB * A1_size) + j; 
      int C1_end = C1_pos + 1; 
      if (jC == j) 
        while ((C1_end < C0_end) && (C1_idx_arr[C1_end] == j)) { 
          C1_end++; 
        } 
      if ((jB == j) && (jC == j)) { 
        int B2_pos = B2_pos_arr[B1_pos]; 
        int C2_pos = C1_pos; 
        while ((B2_pos < B2_pos_arr[B1_pos + 1]) && (C2_pos < C1_end)) { 
          int kB = B2_idx_arr[B2_pos]; 
          int kC = C2_idx_arr[C2_pos]; 
          int k = min(kB, kC); 
          int A2_pos = (A1_pos * A2_size) + k; 
          if ((kB == k) && (kC == k)) { 
            A_val_arr[A2_pos] = B_val_arr[B2_pos] + C_val_arr[C2_pos]; 
          } else if (kB == k) { 
            A_val_arr[A2_pos] = B_val_arr[B2_pos]; 
          } else { 
            A_val_arr[A2_pos] = C_val_arr[C2_pos]; 
          } 
          if (kB == k) B2_pos++; 
          if (kC == k) C2_pos++; 
        } 
        while (B2_pos < B2_pos_arr[B1_pos + 1]) { 
          int kB0 = B2_idx_arr[B2_pos]; 
          int A2_pos0 = (A1_pos * A2_size) + kB0; 
          A_val_arr[A2_pos0] = B_val_arr[B2_pos]; 
          B2_pos++; 
        } 
        while (C2_pos < C1_end) { 
          int kC0 = C2_idx_arr[C2_pos]; 
          int A2_pos1 = (A1_pos * A2_size) + kC0; 
          A_val_arr[A2_pos1] = C_val_arr[C2_pos]; 
          C2_pos++; 
        } 
      } else if (jB == j) { 
        for (int B2_pos0 = B2_pos_arr[B1_pos];  
                 B2_pos0 < B2_pos_arr[B1_pos + 1]; B2_pos0++) { 
          int kB1 = B2_idx_arr[B2_pos0]; 
          int A2_pos2 = (A1_pos * A2_size) + kB1; 
          A_val_arr[A2_pos2] = B_val_arr[B2_pos0]; 
        } 
      } else { 
        for (int C2_pos0 = C1_pos; C2_pos0 < C1_end; C2_pos0++) { 
          int kC1 = C2_idx_arr[C2_pos0]; 
          int A2_pos3 = (A1_pos * A2_size) + kC1; 
          A_val_arr[A2_pos3] = C_val_arr[C2_pos0]; 
        } 
      } 
      if (jB == j) B1_pos++; 
      if (jC == j) C1_pos = C1_end; 
    }

    while (B1_pos < B1_pos_arr[iB + 1]) { 
      int jB0 = B1_idx_arr[B1_pos]; 
      int A1_pos0 = (iB * A1_size) + jB0; 
      for (int B2_pos1 = B2_pos_arr[B1_pos];  
               B2_pos1 < B2_pos_arr[B1_pos + 1]; B2_pos1++) { 
        int kB2 = B2_idx_arr[B2_pos1]; 
        int A2_pos4 = (A1_pos0 * A2_size) + kB2; 
        A_val_arr[A2_pos4] = B_val_arr[B2_pos1]; 
      } 
      B1_pos++; 
    } 
    while (C1_pos < C0_end) { 
      int jC0 = C1_idx_arr[C1_pos]; 
      int A1_pos1 = (iB * A1_size) + jC0; 
      int C1_end0 = C1_pos + 1; 
      while ((C1_end0 < C0_end) && (C1_idx_arr[C1_end0] == jC0)) { 
        C1_end0++; 
      } 
      for (int C2_pos1 = C1_pos; C2_pos1 < C1_end0; C2_pos1++) { 
        int kC2 = C2_idx_arr[C2_pos1]; 
        int A2_pos5 = (A1_pos1 * A2_size) + kC2; 
        A_val_arr[A2_pos5] = C_val_arr[C2_pos1]; 
      } 
      C1_pos = C1_end0; 
    } 
  } else { 
    for (int B1_pos0 = B1_pos_arr[iB];  
             B1_pos0 < B1_pos_arr[iB + 1]; B1_pos0++) { 
      int jB1 = B1_idx_arr[B1_pos0]; 
      int A1_pos2 = (iB * A1_size) + jB1; 
      for (int B2_pos2 = B2_pos_arr[B1_pos0];  
               B2_pos2 < B2_pos_arr[B1_pos0 + 1]; B2_pos2++) { 
        int kB3 = B2_idx_arr[B2_pos2]; 
        int A2_pos6 = (A1_pos2 * A2_size) + kB3; 
        A_val_arr[A2_pos6] = B_val_arr[B2_pos2]; 
      } 
    } 
  } 
  if (iC == iB) C0_pos = C0_end; 
  iB++; 
} 
while (iB < B0_size) { 
  for (int B1_pos1 = B1_pos_arr[iB];  
           B1_pos1 < B1_pos_arr[iB + 1]; B1_pos1++) { 
    int jB2 = B1_idx_arr[B1_pos1]; 
    int A1_pos3 = (iB * A1_size) + jB2; 
    for (int B2_pos3 = B2_pos_arr[B1_pos1];  
             B2_pos3 < B2_pos_arr[B1_pos1 + 1]; B2_pos3++) { 
      int kB4 = B2_idx_arr[B2_pos3]; 
      int A2_pos7 = (A1_pos3 * A2_size) + kB4; 
      A_val_arr[A2_pos7] = B_val_arr[B2_pos3]; 
    } 
  } 
  iB++; 
}

Aijk = Bijk + Cijk
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Fig. 8. The most efficient strategies for computing the intersection merge of two vectors x andy, depending on
whether they support the locate capability and whether they are ordered and unique. The sparsity structure
of y is assumed to not be a strict subset of the sparsity structure of x . The flowchart on the right describes,
for each operand, what iterator conversions are needed at runtime to compute the merge.

If one of the input vectors,y, supports the locate capability (e.g., it is a dense array), we can instead
just iterate over the nonzero components of x and, for each component, locate the component with
the same coordinate in y. Lines 2–9 in Figure 1b shows another example of this method applied to
merge the column dimensions of a CSR matrix and a dense matrix. This alternative method reduces
the merge complexity from O(nnz(x) + nnz(y)) to O(nnz(x)) assuming locate runs in constant
time. Moreover, this method does not require enumerating the coordinates of y in order. We do not
even need to enumerate the coordinates of x in order, as long as there are no duplicates and we do
not need to compute output components in order (e.g., if the output supports the insert capability).
This method is thus ideal for computing intersection merges of unordered levels.

We can generalize and combine the two methods described above to compute arbitrarily complex
merges involving unions and intersections of any number of tensor operands. At a high level, any
merge can be computed by co-iterating over some subset of its operands and, for every enumerated
coordinate, locating that same coordinate in all the remaining operands with calls to locate. Which
operands need to be co-iterated can be identified recursively from the expression expr that we want
to compute. In particular, for each subexpression e = e1 op e2 in expr , let Coiter (e) denote the set
of operand coordinate hierarchy levels that need to be co-iterated in order to compute e . If op is an
operation that requires a union merge (e.g., addition), then computing e requires co-iterating over
all the levels that would have to be co-iterated in order to separately compute e1 and e2; in other
words, Coiter (e) = Coiter (e1) ∪Coiter (e2). On the other hand, if op is an operation that requires
an intersection merge (e.g., multiplication), then the set of coordinates of nonzeros in the result
e must be a subset of the coordinates of nonzeros in either operand e1 or e2. Thus, in order to
enumerate the coordinates of all nonzeros in the result, it suffices to co-iterate over all the levels
merged by just one of the operands. Without loss of generality, this lets us compute e without
having to co-iterate over levels merged by e2 that can instead be accessed with locate; in other
words,Coiter (e) = Coiter (e1)∪ (Coiter (e2) \LocateCapable(e2)), where LocateCapable(e2) denotes
the set of levels merged by e2 that support the locate capability.

4.5 Code Generation Algorithm

Figure 9a shows our code generation algorithm, which incorporates all of the concepts we presented
in the previous subsections. Each part of the algorithm is labeled from 1 to 11; throughout the

Proc. ACM Program. Lang., Vol. 2, No. OOPSLA, Article 123. Publication date: November 2018.
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