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Sparse code and data

©

for (int pBl = B1_pos[0]; pBl < B1_pos[1]; pBl++) {
int i = B1_idx[pB1];

for (int pB2 = B2_pos[pB1];

pB2 < B2_pos[pBl + 11;
Q ? pB2++) {
= = int j = B2_idx[pB21;

int pA2 = (i * n) + j;

__
(@}
aV—L__L
—
—

int pB3 = B3_pos[pB2];
int pcl = c1_pos([0];
while (pB3 < B3_pos[pB2 + 11 && pcl < cl_pos[1]) {

int kB = B3_idx[pB3];

0O 3 5 8 int ke = cl_idx[pcll;

| | | | int k = min(kB, kc);
e I if (kB == k & kc == k) {

alpA2] += b[pB3] * clpcll;
ko ko | k3 ko (::) ki ko | ks } P P P

if (kB == k) pB3++;
if (kc == k) pcl++;
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Sparse code and data

lo (I2 ( pBl = B1_pos[0]; pBl < B1l_pos[1]; pBl++) {
i = B1l_idx[pB1];

( pB2 = B2_pos[pB1];

0 1 3 pB2 < B2_pos[pBl + 1];
pB2++) {
- — l j = B2_idx[pB2];
T T pA2 = (i *x n) + j;
o o) I pB3 = B3_pos[pB2];
pcl = cl_pos[0];
(pB3 < B3_pos[pB2 + 1] pcl < cl_pos[1]) {
kB = B3_idx[pB3];
0O 3 5 8 kc = cl_idx[pcl];
| k = min(kB, kc);
F‘J L““ﬁ (kB == k kc == k) {

+= * ;
ko | ka | ks | ko IRa) ki | ka | ka alpA2] b [pB3] clpcll;
(kB == k) pB3++;
(kc == k) pcl++;
¥
}
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i = Z Bijk * Ck
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j
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for (int pB1 = Bl_pos[@]; pBl < Bl_pos[1]; pBl++) {
int i = B1_idx[pB1];

fqij — E 'Zgijk k Ci for (int pB2 = B2_pos[pB1l]; pB2 < B2_pos[pBl + 1]; pB2++) {

int j = B2_idx[pB2];
. int pA2 = (i *x n) + j;
[15/0] 30/ [40/50]
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/%O 5 i T T \ int k = B3_idx[pB3];

/ (4r_/
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Tensor-vector multiplication example

for (int pB1 = Bl_pos[@]; pBl < Bl_pos[1]; pBl++) {
int i = B1_idx[pB1];

— B. . C for (int pB2 = B2_pos[pBl]; pB2 < B2_pos[pBl + 1]; pB2++) {
A” Z 1jk ¥ k int j = B2_idx [pB2];
int pA2 = (i *x n) + j;

k
[15/0] [30] [40[50] int pB3 = B3_pos[pB2];
0/0

i / / / / int pcl = cl_pos[0];
_ k while (pB3 < B3_pos[pB2 + 1] && pcl < cl_pos[1]) {
10/ 6 / V V V V int kB = B3_idx[pB3];
| \ int kc = cl_idx[pcll];
j V/g / int k = min(kB, kc);

Y] if (kB == k & kc == k) {
alpA2] += b[pB3] * clpcll;
/80/20/60/ \
K if (kB == k) pB3++;
if (kc == k) pcl++;
(dense, dense) (sparse,sparse,sparse) (sparse) -}
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A = Z (Bijk 4+ D) * ¢k

f15[0] : f20[ [40[20] [10] | [30]

Pl (TG LS
10( 6 ’E;VV/VVVV/
e

/ ] 7 er'

/ /30/ IV /V70/20 30/

K K

(dense, dense) (sparse,sparse,sparse) (sparse)
(sparse,sparse,sparse)
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i
(iB

S
S
~——
~—~—
S —
~——
~—~—
S —

10/ [30 [70]20(30
k k

(sparse,sparse,sparse) (sparse)

(sparse,sparse,sparse)

(dense, dense)

}

B1_pos[0];
D1_pos[0];
Bl < Bl_pos[1] &&
D1 < D1_pos[1]) {
B1_idx[pB1];
D1_idx[pD1];
= min(iB, iD);
== 1 && iD == 1) {
pB2 = B2_pos[pB1];
pD2 = D2_pos[pD1];

(pB2 < B2_pos[pBl + 1] &&

pD2 < D2_pos[pDl + 1]) {
B2_idx[pB21;
D2_idx[pD2];
j = min(jB, jD);
pA2 = (i *x A2_dimension) + j;
(jB == j & jD == j) {

tk = 0.0;

pB3 = B3_pos[pB2];
pD3 = D3_pos[pD2];

pcl = cl_posl0];
(pB3 < B3_pos[pB2 + 1] &&
pD3 < D3_pos[pD2 + 1] &&
pcl < cl_pos[1]) {
kB = B3_idx[pB31;
kD = D3_idx[pD3];
kc = c1_idx[pcll;
k = min(kB, kD, kc);
(kB == k && kD == k && kc == k) {
, tk += (b[pB3] + d[pD3]) * clpcll;
(kB == k && kc == k) {
tk += b[pB3] * clpcll;
}
(kD == k && kc == k) {
, tk += d[pD3] * clpcll;
(kB == k) pB3++;
(kD == k) pD3++;
(kc == k) pcl++;

(pB3 < B3_pos[pB2 + 1] &&
pcl < cl_pos([1]) {
kB0 = B3_idx[pB3];
kc@ = cl_idx[pcll];
k@ = min(kB@, kc0);
(kB0 == ko && kc@ == ko) {
tk += b[pB3] * clpcll;

}
(kB0 == k@) pB3++;
(kco == k@) pcl++;
}
(pD3 < D3_pos[pD2 + 1] &&
pcl < cl_pos[1]) {
kDO = D3_idx[pD3];
kcl = cl_idx[pcl];
k1l = min(kD@, kcl);
(kDO == k1 && kcl1 == k1) {
tk += d[pD3] x c[pcll];
}
(kDO == k1) pD3++;
(kcl == k1) pcl++;
alpA2] = tk;
(ijB == j) {
tko 0.0;

pB30 = B3_pos[pB2];
pcld = cl_posl[0];
(pB30 < B3_pos[pB2 + 1] &&
pcld < cl_pos[1]) {
kB1 = B3_idx[pB30];
kc2 = cl_idx[pclo]l;
k2 = min(kB1, kc2);
(kB1 == k2 && kc2 == k2) {
, tk@ += b[pB30] * clpclo];
(kB1 == k2) pB30++;
(kc2 == k2) pclo++;

}
alpA2] = tke;

{
tkl = 0.0;
pD30 = D3_pos[pD2];
pcll = cl_posl[0];

(pD30 < D3_pos[pD2 + 1] &&
pcll < c1_pos[1]) {
kD1 = D3_idx[pD30];
kec3 = cl_idx[pcll];
k3 = min(kD1, kc3);
(kD1 == k3 && kc3 == k3) {
tkl += d[pD30] * clpcll];

(kD1 == k3) pD30++;
(k3 == k3) pcll++;

}
alpA2] = tki1;

(]B ==
(]D ==

) pB2++;

)
j) pD2++;

(pB2 < B2_pos[pB1 + 1]) {
iB0 = B2_1idx[pB2];
pA20 = (i * A2_dimension) + jBO;
tk2 = 0.0;
pB31 = B3_pos[pB21;
pcl2 = c1_pos[0];
(pB31 < B3_pos[pB2 + 1] &&
pcl2 < c1_pos[1]) {
kB2 = B3_idx [pB31];
kc4 = cl_idx[pc12];
k4 = min(kB2, kc4);
(kB2 == k4 && kc4 == k4) {
tk2 += b[pB31] * clpcl2];

}
(kB2 == k4) pB31++;
(kc4 == k4) pcl2++;
}
a[pA20] = tk2;
pB2++;

i
(pD2 < D2_pos[pD1 + 1]) {
jDO = D2_idx[pD2];
pA21 = (i * A2_dimension) + jDO;
tk3 = 0.0;
pD31 = D3_pos[pD2];
pcl3 = cl_pos[0@];
(pD31 < D3_pos[pD2 + 1] &&
pcl3 < c1_pos[1]) {
kD2 = D3_idx [pD31];
ke5 = cl_idx[pc13];
k5 = min(kD2, kc5);
(kD2 == k5 && kc5 == k5) {
tk3 += d[pD31] * clpcl3];
}
(kD2 == k5) pD31++;
(kc5 == k5) pcl3++;

}
alpA21] = tk3;
pD2++;
+
}
(iB == i) {
( pB2 = B2_pos[pB1];
pB2 < B2_pos([pBl + 11;
pB2++) {
jB1 = B2_idx[pB2];
pA22 = (i * A2_dimension) + jB1;
tk4 = 0.0;
pB32 = B3_pos[pB21;
pcld = cl_pos[0];
(pB32 < B3_pos[pB2 + 1] &&
pcld < cl_pos[1]) {
kB3 = B3_idx[pB32];
kc6 = cl_idx[pc14];
k6 = min(kB3, kc6);
(kB3 == k6 && kc6 == k6) {
tk4 += b[pB32] * clpcl4];
}
(kB3 == k6) pB32++;
(kc6 == k6) pcld++;

}
alpA22] = tk4;

( pD2 = D2_pos[pD1];
pD2 < D2_pos[pDl + 1];
pD2++) {
jD1 = D2_idx[pD2];
pA23 = (i * A2_dimension) + jD1;
tk5 = 0;
pD32 = D3_pos [pD2];
pcl5 = cl_pos([0@];
(pD32 < D3_pos[pD2 + 1] &&
pcl5 < cl_pos[1]) {
kD3 = D3_idx[pD32];
kc7 = cl_idx[pc151;
k7 = min(kD3, kc7);
(kD3 == k7 && kc7 == k7) {
, tk5 += d[pD32] * clpcl5];
(kD3 == k7) pD32++;
(kc7 == k7) pcl5++;
}
a[pA23] = tk5;

(iB == i) pBl++;
(iD == i) pD1++;

(pB1 < B1_posI[1]) {
iB0 = B1_idx[pB1];
( pB2 = B2_pos[pB1];
pB2 < B2_pos[pBl + 11;
pB2++) {
jB2 = B2_idx [pB2];

pA24 = (iB@ x A2_dimension) + jB2;
tké = 0.0;
pB33 = B3_pos[pB2]1;

pclée = cl_pos|[0];
(pB33 < B3_pos[pB2 + 1] &&
pcle < cl_pos[1]) {
kB4 = B3_idx[pB33];
kc8 = cl_idx[pcl6];
k8 = min(kB4, kc8);
(kB4 == k8 && kc8 == k8) {
tk6 += b[pB33] * cl[pcl6l;
}
(kB4 == k8) pB33++;
(kc8 == k8) pcl6++;

b
alpA24] = tk6;
pBl++;

(pD1 < D1_pos[1]) {
iD@ = D1_idx[pD1];
( pD2 = D2_pos[pD1];
pD2 < D2_pos[pDl + 1];
pD2++) {
jD2 = D2_idx[pD2];

pA25 = (iD@ x A2_dimension) + jD2;
tk7 = 0.0;

pD33 = D3_pos[pD2];

pcl7 = cl_posl0];

(pD33 < D3_pos[pD2 + 1] &&
pcl7 < cl_pos[1]) {
kD4 = D3_idx[pD33];
kc9 = cl_idx[pcl7]1;
k9 = min(kD4, kc9);
(kD4 == k9 && kc9 == k9) {
, tk7 += d[pD33] * clpcl7];
(kD4 == k9) pD33++;
(kc9 == k9) pcl7++;
}
alpA25] = tk7;

pD1++;
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Random access: easy to locate element, but wasted storage

Dense storage formats

locate (2, 0, 2)

1x2%4 + x4 + k = 18
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Compressed storage formats
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Compressed storage formats
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Compressed storage formats

NO random access: must traverse

level by level to loca

‘e coordinate
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Compressed storage formats

locate (i2, jo, k2)

NO random access: must traverse
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Compressed storage formats
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Compressed storage formats

NO random access: must traverse

locate (iz, o, ko) G 0
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Intermediate Representation
and Code Generation
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A :
B :
C:

A = Z Biikck

(dense, dense)

(dense, sparse, sparse)

(sparse)

The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

for (int 1 = 0; i < m; i++) {

for (int pB2 = B2_pos[pB1l]; pB2 < B2_pos[pBl + 1]; pB2++) {

int j = B2_idx[pB2];
int pA2 = (i % n) + j;

int pB3 = B3_pos[pB2];
int pcl = c1_posl0];
while (pB3 < B3_pos[pB2 + 1] && pcl < c1_pos[1]) {
int kB = B3_idx[pB3];
int kc = c1_idx[pcll;
int k = min(kB, kc);
if (kB == k && kc == k) {
a[pA2] += b[pB3] *x clpcll;
}
if (kB == k) pB3++;
if (kc == k) pcl++;

11



A :
B :
C:

(dense, dense)

(dense, sparse, sparse)

(sparse)

The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

for (int 1 = 0; i < m; i++) {

for (int pB2 = B2_pos[pB1l]; pB2 < B2_pos[pBl + 1]; pB2++) {

%en
SO
/a
Zsibt) int j = B2_idx[pB2];
/Eishg' int pA2 = (i x n) + j;
/\
()/7 int pB3 = B3_pos[pB2];
int pcl = c1_posl0];
while (pB3 < B3_pos[pB2 + 1] && pcl < c1_pos[1]) {
int kB = B3_idx[pB3];
int kc = c1_idx[pcll;
int k = min(kB, kc);
if (kB == k && kc == k) {
a[pA2] += b[pB3] *x clpcll;
}
if (kB == k) pB3++;
if (kc == k) pcl++;

11



A : (dense, dense)
B : (dense, sparse, sparse)

c : (sparse)

The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

for (int i = 0; i < m; i++) {

'8,

é;()/'zg~ for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pBl + 1]; pB2++) {
«tx) int j = B2_idx[pB2];
/EQSE;'
0
9,

int pA2 = (i x n) + j;

int pB3 = B3_pos[pB2];

int pcl = c1_posl0];

while (pB3 < B3_pos[pB2 + 1] && pcl < c1_pos[1]) {
int kB = B3_idx[pB3];
int kc = c1_idx[pcll;

S int k = min(kB, kc);
7\

if (kB == k && kc == k) {
‘E(j(((\ a[pA2] += b[pB3] *x clpcll;
}
(Qeﬁj( if (kB == k) pB3++;
A(GB if (kc == k) pcl++;
}
¥
¥

11



A : (dense, dense)
B : (dense, sparse, sparse)

c : (sparse)

The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

for (int i = 0; i < m; i++) {

for (int pB2 = B2_pos[pB1l]; pB2 < B2_pos[pBl + 1]; pB2++) {

'8,
So
/an

ZSict> int j = B2_idx[pB2];

reSS' int pA2 = (1 % n) + j;
/

0/7 int pB3 = B3_pos[pB2];

(: cj int pcl = c1_posl0];

while (pB3 < B3_pos[pB2 + 1] && pcl < cl_pos[1]) {

COde int kB = B3_idx[pB3];
int kc = c1_idx[pcll;

int k = min(kB, kc);
((VEQSB if (kB == k && kc == k) {
‘E(j( ) alpA2] += b[pB3] * clpcl];
(\60( if (kB == k) pB3++;
A(€5 if (kc == k) pcl++;
}
}
}

11



The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

A’L] p— E Bijkck 7@08 for (int 1 = 0; 1 <m; i++) {
Of for (int pB2 = B2_pos[pB1l; pB2 < B2_pos[pBl + 11; pB2++) {
k 5)(10 Bl /Al int j = B2_idx[pB2]; -
/.GSS int pA2 = (i * n) + j;
/0/7 o int pB3 = B3_pos[pB2];
B C d iﬂt'lpc% E3C1_|F3)c3)5[0];[ B2 + 1] && pcl < c1_pos[1]) {
2 while (pB3 < B3_pos[pB2 + pcl < cl_pos
As code int kB = B3_idx[pB3];
0 int kc = cl_idx[pcll;
int k = min(kB, kc);
((\9-\'5 if (kB == k & kc == k) {
?O‘( B,% o , alpA2] += b[pB3] x clpcll];
(\50( if (kB == k) pB3++;
A : (dense, dense) e if (ke == k) peres
: ¥
B : (dense, sparse, sparse) lteration Graph IR )

c : (sparse)

11



The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

A’L] — E B,L]ka 7é/7& for (int i = 0; i < m; i++) {
O/" for (int = ; ;
pB2 = B2_pos[pBl]l; pB2 < B2_pos[pBl + 1]; pB2++) {
k 5)(0 Bl /Al int j = B2_idx[pB2];
/'@SS ‘ int pA2 = (i * n) + j;
/0/7 int pB3 = B3_pos[pB2];
B C d int pcl = c1_posl0];
2 while (pB3 < B3_pos[pB2 + 1] && pcl < cl_pos[1]) {
Ao coae int kB = B3_idx[pB3];
0 int kc = c1_idx[pcll;
S int k = min(kB, kc);
e\ if (kB == k && kc == k) {
(?O‘((ﬂ B,% “ Jey el ) alpA2] += b[pB3] * clpcll;
60 if (kB == k) pB3++;
A : (dense, dense) e ° L , 1 (ke == k) peles;
. : }
B - (dense, sparse, Sparse) lteration Graph IR  Code Generation }

c : (sparse)

11



A : (dense, dense)
B : (dense, sparse, sparse)

c : (sparse)

The Tensor Algebra Compiler (taco)

Tensor Algebra Compiler

Merge Lattices

/L]ka; 7é/78 for (int 1 = 0; i < m; i++) {
L O/"g B for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pBl + 1]; pB2++) {
X 1 int j = B2_idx[pB2];
fo, 1
/.GSS/ int pA2 = (i * n) + j;
0/7 ‘ int pB3 = B3_pos[pB2];
B A C d lﬂt'lpc% E3C1_gc3)5[0];[ B2 + 1] & pcl < c1_pos[1]) {
9 while (pB3 < B3_pos[pB2 + pcl < cl_pos
2 coae int kB = B3_idx[pB3];
0 int kc = c1_idx[pcll;
S int k = min(kB, kc);
6-" if (kB == k && kc == k) {
?O‘(((\ B‘g ) el , alpA2] += bl[pB3] * clpcll;
( ( ;
cO if (KB == k) pB3++;
e ) if (ke == k) pcl++;
}
lteration Graph IR Code Generation }

11



Sparse iteration spaces and lteration Graphs

Aij = E Bijk * Ck
k
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Sparse iteration spaces and lteration Graphs

Af,;j — ZBW}C * CL
©
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Sparse iteration spaces and lteration Graphs

Aij = E Bijk * Ck
k

12



Sparse iteration spaces and lteration Graphs
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Sparse iteration spaces and lteration Graphs
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Sparse iteration spaces and lteration Graphs

Aij = E Bijk * Ck
k

Biik Ck
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Sparse iteration spaces and lteration Graphs

Aij = E Bijk * Ck
k

>

Dense

12



Sparse iteration spaces and lteration Graphs
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Sparse iteration spaces and lteration Graphs
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Sparse iteration spaces and lteration Graphs
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Sparse iteration spaces and lteration Graphs

Bijk Ck
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Sparse iteration spaces and lteration Graphs

Aij = E Bijk * Ck
k

Intersection

/5

Bijk * Ck
mowm
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\ i .
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'm m
Com Bl vowo
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Sparse iteration spaces and lteration Graphs

Bijk * Ck
. B0 @2

[

AL
N

e &6
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K
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155 A2
5

Aij = E Bijk * Ck
k

>
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Examples of lteration Graph
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Examples of lteration Graph




Examples of lteration Graph

Af,;j — Z Bijk * CL




Code Generation from Iteration Graphs

Af,;j — Z Bijk * CL

14



Code Generation from Iteration Graphs

for (int<:>= 0; i < m; i++) {

14



Code Generation from Iteration Graphs

Aij = E Bijk * Ck
k

# for (lnt®= 0; 1 < m, i++) {
AQ - -
’ sparse dimension for (int pB2 = B2_pos[pBl]; pB2 < B2_pos[pBl + 1]; pB2++) {

int pA2 = (1 *x n) + j;




Code Generation from Iteration Graphs

Ajj = E Bijk * Ck
k

dense dimension

# for (1nt®= 0; 1< m, i++) {

sparse dimension for (int pB2 = B2_pos[pBl]; pB2 < B2_pos[pBl + 1]; pB2++) {

int pA2 = (i *x n) + j;

merged dimensions int pB3 = B3_pos[pB2];

> int pcl = cl_pos|[0];
while (pB3 < B3_pos[pB2 + 1] && pcl < cl1_pos[1]) {

int kB = B3_idx[pB3];
int kc = c1_idx[pcl];

int(k)= min(kB, kc);
if | == k && kc == k) {
¥

if (kB == k) pB3++;
if (kc == k) pcl++;



Code Generation from Iteration Graphs

Ajj = E Bijk * Ck
k

dense dimension

# for (1nt®= 0; 1< m, i++) {

sparse dimension for (int pB2 = B2_pos[pBl]; pB2 < B2_pos[pBl + 1]; pB2++) {

int pA2 = (1 *x n) + j;

merged dimensions int pB3 = B3_pos[pB2];

> int pcl = cl_pos|[0];
while (pB3 < B3_pos[pB2 + 1] && pcl < cl1_pos[1]) {

int kB = B3_idx[pB3];

int kc = c1_idx[pcl];

int(k)= min(kB, kc);

if (kB == k &% kc == k) {
A[pA2] += BI[pB3] *x clpcll;

compute statement

# }
if (kB == k) pB3++;
if (kc == k) pcl++;



Code Generation from Iteration Graphs

Aij = E Bijk * Ck
k

int pB3 = B3_pos[pB2];
int pcl = cl_pos|[0];
while (pB3 < B3_pos[pB2 + 1] && pcl < cl_pos[1]) {
int kB = B3_idx[pB3];
int kc = c1_idx[pcl];
int(k)= min(kB, kc);
if (kB == k && kc == k) {
\ A[pA2] += BI[pB3] *x clpcll;
if (kB == k) pB3++;
if (kc == k) pcl++;




Merge Lattice for a Conjunction

a; = b;ic;
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Merge Lattice for a Conjunction

a; = b;ic;
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Merge Lattice for a Conjunction

a; = b;ic;

N~ & |~ | =2 O
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Merge Lattice for a Conjunction

a; = b;ic;

N~ & |~ | =2 O
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bz‘/\Ci

Merge Lattice for a Conjunction

a; = b;ic;

N~ & |~ | =2 O
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Merge Lattice for a Conjunction

a; = b;ic;

N~ & |~ | =2 O
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Merge Lattice for a Conjunction

a; = b;ic;

N~ & |~ | =2 O

15



Merge Lattice for a Conjunction

a; — bz C;

int pbl = bl_posI[0];
int pcl = cl1_pos[0];
while (pbl < bl_pos[1]

int i = min(ib, ic);

if (ib == i) pbl++;
if (ic == 1) pcl++;

int ib = bl_idx[pb1ll];
int ic = cl_idx[pcll];

&& pcl < cl_pos[1]) {

15



Merge Lattice for a Conjunction

int pbl
int pcl

while (pbl < bl_pos[1] && pcl < cl1_pos[1]) {

int 1ib
int ic
int i1 =

a; = b;ic;

bl_pos[0];
cl_pos[0];

bl idx[pb1l];
cl_idx[pcll;
min(ib, ic):

if (ib
alil

¥

== i && ic == i) {
= b[pbl] * clpcll];

if (ib
if (ic

== i) pbl++;
== i) pcl++;

15



Merge Lattice for a Conjunction

int pbl
int pcl

while (pbl < bl_pos[1] && pcl < cl1_pos[1]) {

int ib
int ic
int 1 =
if (ib
alil
¥
if (ib
if (ic

b
C

m

a; = b;ic;

1 _pos[0];
1 _pos[0];

bl_idx[pbll;
cl_idx[pcll;
in(ib, ic);

i && ic == i) {
blpbl] * clpcll;

i) pbl++;
i) pcl++;

15



Merge Lattice for a Conjunction

int pbl
int pcl

while (pbl < bl_pos[1l] && pcl < cl_pos[1]) {

int ib
int ic
int 1 =
if (ib
alil
¥
if (ib
if (ic

b
C

m

a; = b;ic;

1 _pos[0];
1 pos[0];

bl_idx[pbll;
cl_idx[pcll;
in(ib, ic);

i && ic == i) {
blpbl] * clpcll;

i) pbl++;
i) pcl++;

15



b@‘/\Ci

b;  c;

Merge Lattice for a Conjunction

int pbl
int pcl

while (pbl < bl_pos[1] && pcl < cl1_pos[1]) {

int ib
int ic
int 1 =
if (ib
alil
¥
if (ib
if (ic

b
C

m

a; = b;ic;

1 _pos[0];
1 _pos[0];

bl_idx[pbll;
cl_idx[pcll;
in(ib, ic);

i && ic == i) {
blpbl] * clpcll;

i) pbl++;
i) pcl++;
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Merge Lattice for a Disjunction

ai:bi%—ci
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Merge Lattice for a Disjunction
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Merge Lattice for a Disjunction

ai:bi%—ci
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Merge Lattice for a Disjunction

ai:bi%—ci

bi\/Ci: bi/\Ci \/bi\/Ci
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Merge Lattice for a Disjunction

ai:bi%—ci

N~ o |~ |42 o
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Merge Lattice for a Disjunction

ai:bi%—ci

N O | B~ | 2 | O
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];
int pcl = cl1_pos[0];
while (pbl < bl_pos[1]

if (ib == i) pbl++;
if (ic == i) pcl++;

int ib = b1l_idx[pbll;

&& pcl < c1_pos[1]) £

int ic = c1_idx[pcll];
int i = min(ib, ic);

~N | O B
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];
int pcl = cl1_pos[0];
while (pbl < bl_pos[1]

if (ib == i) pbl++;
if (ic == i) pcl++;

int ib = b1l_idx[pbll;

&& pcl < c1_pos[1]) £

int ic = c1_idx[pcll];
int i = min(ib, ic);

~N | o6 B~
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];
int pcl = cl1_pos[0];
while (pbl < bl_pos[1]

int ib = b1l_idx[pbll;

&& pcl < c1_pos[1]) £

int ic = c1_idx[pcll];

int i = min(ib, ic);

if (ib == i) pbl++;
if (ic == i) pcl++;

~N | o6 B~
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];

int pcl = cl_posl0Q];

while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = b1_idx[pb1];
int ic = c1_idx[pcl];
int i = min(ib, ic);

if (ib == i) pbl++;
if (ic == i) pcl++;

}

while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];
ali]l] = blpbl++];

}

~N | o6 B~
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];

int pcl = cl_posl0Q];

while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = b1_idx[pb1];
int ic = c1_idx[pcl];
int i = min(ib, ic);

if (ib == i) pbl++;
if (ic == 1) pcl++;

}

while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];
ali]l] = blpbl++];

}

while (pcl < cl_pos[1]) {
int i = c1_idx[pcl];
alil = clpcl++];

}

~N | o6 B~
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];

int pcl = cl_posl0Q];

while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = b1_idx[pb1];
int ic = c1_idx[pcl];
int i = min(ib, ic);

if (ib == i) pbl++;
if (ic == 1) pcl++;

}

while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];
ali]l] = blpbl++];

}

while (pcl < cl_pos[1]) {
int i = c1_idx[pcl];
alil = clpcl++];

}

~N | O B
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];

int pcl = cl_posl0Q];

while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = b1_idx[pb1];
int ic = c1_idx[pcl];
int i = min(ib, ic);

if (ib == 1) pbl++;
if (ic == 1) pcl++;

}

while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];
ali]l] = blpbl++];

}

while (pcl < cl_pos[1]) {
int i = c1_idx[pcl];
alil = clpcl++];

}

~N | O B
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];

int pcl = cl_posl0Q];

while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = b1_idx[pb1];
int ic = c1_idx[pcl];
int i = min(ib, ic);

if (ib == 1) pbl++;
if (ic == 1) pcl++;

}

while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];
ali]l] = blpbl++];

}

while (pcl < cl_pos[1]) {
int i = c1_idx[pcl];
alil = clpcl++];

}

~N | O B
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Merge Lattice for a Disjunction

int pbl
int pcl
while (pbl < bl_pos[1] && pcl < cl_pos[1]) {

ai:bi—l—ci

bl pos[0];
cl_pos[0];

int 1ib bl_idx[pbll];
int ic = c1_idx[pcll];
int i = min(ib, ic);

it (ib == 1 && ic == 1) <
alil = blpbl] + clpcll;
}

}

if (ib == 1) pbl++;
if (ic == 1) pcl++;

while (pbl < bl_pos[1]) {

}

int i = bl_idx[pbl];
ali]l] = blpbl++];

while (pcl < cl_pos[1]) {

}

int i = c1_idx[pcl];
alil = clpcl++];

~N | O B
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Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];
int pcl = cl_posl0Q];
while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = bl_idx[pb1ll;
Z) /A\ int ic = cl_idx[pcll;
7; CZ’ int i = min(ib, ic);
if (ib == 1 && ic == 1) A
alil = blpbl] + clpcll;

. : }
Ci bz else if (ib == i) {

alil = blpbll];

(j ¥
(/
if (ib == i) pbl++;
C; if (ic == i) pcl++;
¥
while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];

alil = blpbl++];
}

while (pcl < cl_pos[1]) {
int i = c1_idx[pcl];
alil = clpcl++];

}

~N | O B



Merge Lattice for a Disjunction

ai:bi%—ci

int pbl = bl _pos[0];

int pcl = cl_posl0Q];

while (pbl < bl_pos[1] && pcl < cl_pos[1]) {
int ib = b1_idx[pb1];
int ic = c1_idx[pcl];
int i = min(ib, ic);

it (ib == 1 && ic == 1) X
alil = blpbl] + clpcll;
¥
else if (ib == i) {
ali]l] = blpbl];

¥
else {
alil = clpcll];
}
it (ib == 1) pbl++;
if (ic == i) pcl++;
¥

while (pbl < bl_pos[1]) {
int i = bl_idx[pbl];
ali]l] = blpbl++];

}

while (pcl < cl_pos[1]) {
int i = c1_idx[pcl];
alil = clpcl++];

}

~N | O B
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Ci/\di

Merge Lattice for a Compound Expression

bi/\Ci/\di

b; N\ d;

Ci- bi d; d;
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Merge Lattice for a Compound Expression

a

1

— (b; + ¢;

int pbl = bl_pos|[0];
int pcl = cl_posl[0@];
int pdl = d1_pos[0];
while (pbl < bl_pos[1] && pcl < cl_pos[1l] && pdl < d1_pos[1]) {
int ib = b1l_idx[pbl];
int ic = c1_idx[pcll;
int id = d1_idx[pd1];
int i = min(ib, ic, id);

if (ib == 1 && ic == i && id == i) {
alil = (blpbl] + clpcll) = dlpdll;
}
else if (ib == i && id == i) {
alil = blpbl] * d[pdl];

else if (ic == 1 && id == i) {
alil = clpcl] % d[pdill;

¥

if (ib == 1) pbl++;
if (ic == 1) pcl++;
if (id == 1) pdl++;

}

while (pcl < c1_pos[1] && pdl < d1_pos[1]) {
int ic@ = c1_idx[pcll;
int idl d1_idx[pd1];
int il = min(ic@, idl);
if (ico == i1 && id1 == i1) {
alill = clpcl] * d[pdi]l;
¥
if (ic@ == il) pcl++;
if (id1 == i1) pdl++;
}

while (pbl < bl_pos[1] && pdl < d1_pos[1]) {
int ibo bl_idx[pbl]l;
int ido dl_idx[pd1];
int i@ = min(ib@, 1id0);
if (ib0 == i@ && id0 == i0) {
alio]l = blpb1l] * d[pdl];

}
if (ib@ == i@) pbl++;
if (id0 == i0) pdl++;

1
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o
C; /\ dz
C bz

Merge Lattice for a Compound Expression

CLZ:bZ—I—CZ—l—dZ

bi /\ C; /\ dz
C; d;
bi /\ dz bz /\ C;
d b; d; C;
C; b;
d C; b

18



Merge Lattice for a Compound Expression

CLZ:bZ—I—CZ—l—dz

dense?

int pbl = bl_pos|[0];
int pcl = cl_posl[0@];
int pdl = d1_pos[0];
while (pbl < bl_pos[1] && pcl < c1_pos[1l] && pdl < d1_pos[1]) {
int ib = bl_idx[pbl];
int ic = c1_idx[pcll;
int id = d1_idx[pd1];
int i = min(ib, ic, id);

if (ib == 1 && ic == i && id == i) {
alil = blpbl]l + clpcl] + dlpdl];

}

else if (ib == i && id == i) {
alil = b[pb1] + d[pd1ll;

else if (ic == 1 && id == i) {
alil = clpcl] + dlpdill;

¥

else if (ib == i && ic == i) {
alil = blpbl] + c[pcll;

else if (ib == i) {
alil = blpbll;

}

else if (ic == i) {

alil = clpcll;

else {

alil = dl[pdil;
b
if (ib == 1) pbl++;
if (ic == 1) pcl++;
if (id == 1) pdl++;

while (pcl < cl_pos[1l] && pdl < d1_pos[1]) {

int ic@ = cl_idx[pcl];

int idl = d1_idx[pd1l;

int i1 = min(ic@, idl);

if (ic@ == i1 && idl1 == il1) {
alill = clpcl] + d[pdll;

}

else if (ico == i1) {
alill = c[pcll;

else {
alill = d[pdll;

if (ic@ == i1) pcl++;
if (idl == i1) pdl++;
}

while (pbl < bl_pos[1] && pdl < d1_pos([1]) {

int ib@ b1_idx[pb1];

int id@ = d1_idx[pd1];

int i@ = min(ib@, id0);

if (ib@ == i@ && id0 == i0) {
ali@] = blpbl] + d[pdll;

}

else if (ib@ == i0) {
alio] = blpbll;

}

else {
alio] = d[pdil;

if (ib@ == i0) pbl++;
if (1d0 == i0) pdl++;
¥

while (pbl < bl_pos[1] && pcl < c1_pos[1]) {
int ib1l bl_idx[pbl];
int icl = cl_idx[pcl];
int i2 = min(ibl, icl);
if (ibl == i2 && icl == i2) {
ali2] = blpbl] + clpcll;
}
else if (ibl == i2) {
ali2] = blpbll;

else {
ali2] = clpcll;

}
if (ibl == i2) pbl++;
if (icl == i2) pcl++;

}

while (pdl < d1_pos[1]) {
int id2 = d1_idx[pd1];
alid2] = d[pd1];
pdl++;

while (pcl < c1_pos[1]) {
int ic2 = cl_idx[pcl];
alic2] = clpcll;
pcl++;

while (pbl < bl_pos[1]) {
int ib2 = bl_idx[pbl];
alib2] = blpbl];
pbl++;

18



Merge Lattice for a Compound Expression

a; = b; + ¢; + d;

dense

int pbl = bl_pos|[0]; while (pcl < cl_pos[1]) {
int pcl = cl_posl0@]; int ic@ = cl_idx[pcl];
int id = 0; int pdll = id;
° while (pbl < bl_pos[1] && pcl < c1_pos[1]) { int pall = id;
int ib = bl_idx[pbl]; if (ic@ == id) {
Z int ic = c1_idx[pcll; alpall]l = clpcl] + d[pdll];
int pdl = id; }
int pal = id; else {
if (ib == id && ic == id) { a[pall] = d[pd11];
alpall = blpbl]l + clpcl] + dlpdil; }
if (ic@ == id) pcl++;
else if (ib == id) { id++;
alpall = b[pbl] + d[pd1]; }
else if (ic == id) {
alpall = clpcl] + dlpdil;
else { while (pbl < bl_pos[1]) {
alpall = d[pd1l; int ib® = bl_idx[pb1l];
int pd1l@ = id;
if (ib == id) pbl++; int pald = id;
o if (ic == id) pcl++; if (ib0 == id) {
Z id++; , alpal@] = blpbl] + d[pdie];
}
else {

alpalo] = d[pdio];

if (ib@ == id) pbl++;
id++;

while (id < d1_dimension) {

int pd12 = id;

int pal2 = id;
alpal2] = d[pd12];
id++;

19



Sparse code and data

lo (12 ( pBl = B1 _pos[0]; pBl < B1l_pos[1]; pBl++) {
i = B1_idx[pB1];

( pB2 = B2_pos[pB1];

pB2 < B2_pos[pBl + 1];
0 1 3 pB2++) {
1 | j = B2_idx[pB2];
T T f pA2 = (i *x n) + j;
o o) I pB3 = B3_pos[pB2];
pcl = cl_pos[0];
(pB3 < B3_pos[pB2 + 1] pcl < cl_pos[1]) {
kB = B3_idx[pB3];
0 3 5 8 kc = cl_idx[pcl];
| k = min(kB, kc);
y‘J L444441 ] ] (kB == k && kc == k) {
' alpA2] += b[pB3] * clpcll;
ko | ko | ks | ko |(k2) ki1 | k| ka y 2P ’ ’
(kB == k) pB3++;
(kc == k) pcl++;
s
}
b

30 40 50|10 /70 80 20 60

Intermediate Representation
and Code Generation

l)i N\ C;

rmail
cant
cop20k
scircuit
mac-econ

pwik

Evaluation

il

o taco

- MKL

~ OSK|

= Eigen

B UBLAS
Gmm++
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The Tensor Algebra Compiler is fast and general

y=aA'z+ pz a=bc

A=RB
a= Bc+a

A=BoC Aijr = Bijr + Ciji Aii > Bijkck
o T — oo P A
A=BT a= 2 ;. BijkCiji Aij = 2 k1 BiiCrj Dy

A=B+C g=Blc+d a=0>b-+rc A=aA+ BB

Aijk =21 BijiCki A = Bo (CD)

J
A=aB A=(B+0)d A=BC Ailk:ZBijk*Clj

J
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The Tensor Algebra Compiler is fast and general

y:OzATCE—I—BZ a = Bc

oa=BTc A=B+C+D y=0b— Ax

A=1B
a= Bc+a

Aijk =21 BijiCki A = Bo (CD)

A=BoC Aijk = Biji + Ciji Aij Zk BijkCk
A=B" « Zz,g,k ’Ukc’l]k Aij — Zk,l Bileijlj

A=B+C 4=PB'c

d a=b+c A=aA+ (B

]

A:&B A=(B+(C)d

A= BC Ailk:ZBijk*Clj

J

Sparse Matrix-Vector Multiplication (SpMV)

21



The Tensor Algebra Compiler is fast and general

Yy = aAl r + Bz |a = Be Sparse Matrix-Vector Multiplication (SpMV)
a=BT¢e A=B+C+D y=0>b— Ax B C
A=1HB
= Betq ik =2.BiiCk A= Bo(CD)

A=BoC Aijk = Biji + Ciji Aij Zk BijkCk
T — o .. ..
A =BT a= 2 BijkCiji Aij = ) 1 BikiCrj Dij

A=B+C g=Blc+d a=0>b-+rc A=aA+ BB

]
A=aB A=(B+0C)d A=BC Ailk:ZBijk*Clj
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The Tensor Algebra Compiler is fast and general
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The Tensor Algebra Compiler is fast and general

Yy = aAl r + Bz |a = Be Sparse Matrix-Vector Multiplication (SpMV)
a=BT¢e A=B+C+D y=0>b— Ax B C
A=1HB
o= Beta (k= 2Bk A= Bo(CD) o

A=BoC Ayk=DBij+Cijk - A; 3", Bijren
_ara=3% , BiCh
A= BT =2 BukCiik 4, =50 BiuCiy Dy

A=B+C a=B"c+d a=b+c A—aA+ BB

Aw=2_ Biyk*ei A=0 A=B+C+D A= (B+C)(d+e)
J

A,:jz — ZBMA: * Ol a=BCd a = Bc + b !
k



SpMV is competitive with hand-optimized implementations

y=aAd'z+ Bz |a=bc maio : taco
MKL
a=B"¢c A=B+C+D y=0>b— Ax - W OSK|
A=1HB .
e Bty Ak =2aBiCu A= Bo(CD) W Eigen
B cop20k B UBLAS
A=BoC Aijk = Bijk + Cijk Aij > 1 Bijrck GMmm++
T =S . (). scircuit
A=FB" « Zz,j,k BZ]kCij AZ] — Zk,l B’Lklck]Dl]
A=B+C g=BTc+d 4=p+c A—aA+ BB mac-econ
Aik:ZBijk*Cj A=0 A=B+C+D A= (B+C)(d+e) thk
A=aqB A=B+0C)d A=BC Aaw = 3 Bijr Gy
k

A=aB+ A Aﬂ:ZBU’f*C@l*DM a = aBc+ Ba
o i,k



SpMV is competitive with hand-optimized implementations

Florida Sparse Matrix Collection

/

y=aAlx+ Bz |a= Bc ‘maio ol taco
- MKL
a=B"¢c A=B+C+D y=0>b— Ax - W OSK|
A=DB .
e Bty Ak =2aBiCu A= Bo(CD) W Eigen
N cop20k B UBLAS
A=BoC Aijk = Bijk + Cijk Aij > 1 Bijrck GMmm++
T a=5". . e scircuit
A=FB" « Zz,j,k BZ]kCij AZ] — Zk,l B’Lklck]Dl]
A=B+C g=BTc+d 4=p+c A—aA+ BB mac-econ
Aik:zj:Bijk*Cj A=0 A=B+C+D A= (B+C)(d+e) thk
A=aqB A=B+0C)d A=BC Aaw = 3 Bijr Gy
k

A= aB+ A A,y‘l:ZBz‘jk*C@z*Dkl a = aBc + Ba
- ik



SpMV is competitive with hand-optimized implementations

y:OgATZE—l—ﬁZ a = Bc

a=BTc A=B+C+D y=0b— Ax
A=20B
a= Bc+a

A=BoC Aijk = Bijr + Ciji Aij ) 1 Bijrcr
T — o * g
A=DB" ¢ Zz,j,k BijrCijk A = Zk,l Bik1Cri Dy

A=B+C a=B"c+d a=bt+c A—qA+ BB

Aijr = 21 BijilCri - A = Bo (CD)

Aw=2 Birx¢i A=0 A=B+C+D A= (B+C)(d+e)
J

Aijl:ZBz’jk*Clkz a=BCd a= Bc+b !
k

A—&B+A A'jl:ZBijk*Cﬂ*Dkl CL:@BC+5Q
o 1,k

rmai10
cant
cop20k
scircuit
mac-econ

pwtk

Normalized Time

/

= MK

B UB

| taco

L

= OSKI
= Eigen

LAS

Gr

Normalized Time

M++
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SpMYV is parallel

y:OgATZE—l—ﬁZ a = Bc

a=BTc A=B+C+D y=0b— Ax
A=20B
a= Bc+a

A=BoC Aijk = Bijr + Ciji Aij ) 1 Bijrcr
_ T — oo o g
A=B" & Zz,],k BZJkC@Jk Aij — Zk,l B,,;leijlj

Aijr = 21 BijilCri - A = Bo (CD)

A=B+C g=Blc+d 4=phtc A=aA+ 8B
Az-kzzjsz-jwj A=0 A=B+C+D A= (B+0)d+e)
A=aB A=B+C)d A=BC Ak =Y Bije * Cy;
Aiji =Y Bijr* Ci a=BCd , _ Betb /

n

A—oaB+ A Aji=) Biji*Cu*Di ¢ = oBe+ fBa
- ik

taco emits parallel code

/

rmai10
cant
cop20k
scircuit
mac-econ

pwtk

" taco parallel

o U
G

Normalized Time

3

~ MKL parallel

= OSKI
= Eigen

LAS

1]

M+ +
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SDDMM must be computed in a single kernel

y=aAlz+ Bz a=Dbc
a=BTc A=B+C+D y=b— Ax

A=B
Aijr = 2.1 BijiCri |A = Bo (CD)

a= Bc+a

A=BoC Az’jk — Bijk T C’ijk A@'j Zk Bijkck
A=B" & Zz,],k ZJkC’LJk Az’j — Zk,l BZ-MC’/W-DU

A=B+C g=B'c+d 4=ph+c A=aA+ (B
Aw=2 Byr*ci A=0 A=B+C+D A= (B+C)d+e)
J

A= aB A= (B+C)d A= BC Ailk:ZBijk*Clj

Aiji = Z BijrxCly, &= BCd a= Bc+0b !
k

Sampled Dense-Dense Matrix Multiplication (SDDMM)
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SDDMM must be computed in a single kernel

y:OzATCE—I—ﬁz a = Bc

a=B"¢c A=B+C+D y=0>b— Ax

A=20B
a= Bc+a

Aijr = 2.1 BijiCri |A = Bo (CD)

A=BoC Az’jk — Bijk T Cijk A@'j Zk Bijkck
A=B" & Zz,],k ZJkCZJk Az’j — Zk,l Bile’ijlj

A=B+C g=PB'c

Aw=2 Byr*ci A=0 A=B+C+D A= (B+C)d+e)

J

A=aB A=(B+0)d

A: BC Ailk :ZBijk*Clj

J

Sampled Dense-Dense Matrix Multiplication (SDDMM)
C
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SDDMM must be computed in a single kernel

y=caAlz+ gz a= Bc Sampled Dense-Dense Matrix Multiplication (SDDMM)

a=BT¢c A=B+C+D y=0b— Ax ¢ D

A=21HB
a:&Hﬂ-&MZQLBWCM_A:Bo«Hn
A=BoC Aijk = Bijr + Cijk Aij ) 1 Bijrcr
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One size does not fit all - different matrices need different formats

Dense Matrix

Normalized Time

dense - dense
sparse - dense
dense - sparse
sparse - sparse
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One size does not fit all - different matrices need different formats
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One size does not fit all - different matrices need different formats

Row-sliced Matrix
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One size does not fit all - different matrices need different formats
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Blocked matrices are 4-tensors
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Normalized Time
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Tensor Algebra Compiler Library and Tools

C++ Tensor Library

Format CSR({Dense,Sparse});
Format CSF({Sparse,Sparse,Sparse});
Format SVEC({Sparse});

Tensor<double> A({1024,1024}, CSR);
Tensor<double> B = read(“B tns", CSF)
Tensor<double> ¢ = read(“c.tns”, SVEC)

Var 1, j, k;
A(i,j) = B(1i,j,k) * c(k);

A.evaluate(); // Compiles, assemble, and compute
// the expression

tensor-compiler.org
github.com/tensor-compiler/taco

/ Some Rights

Reserved
(Vanilla) MIT License

Online Code Generator

This

Iph mpI me on of the tensor algebra compiler theory and ¢ s known bugs, which are documented here. If you find
ddt I s, please d bmtt g a bug report.

Input a tensor algebra expression in index notation to generate code that computes it:

y(i) = A(i,j) * x(J) : GENERATE KERNEL
Tensor Format (reorder dimensions by dragging the drop-down menus)
Dimension
y Dense
Dimension Dimension
A Dense Sparse
Dimension 1
X Dense
COMPUTE LOOPS ASSEMBLY LOOPS COMPLETE CODE
I d ops 1 X b
The generated code is provided "as is" without warranty of any kind. To help us improve taco, we keep a record of all tensor algebra
expressions submitted to the taco online server.

tensor-compiler.org/codegen
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