
The Tensor Algebra Compiler

Fredrik Kjolstad, Shoaib Kamil, Stephen Chou, David Lugato, and Saman Amarasinghe

a = Bc+ b

a = Bc

a = b+ c

A = B + C
A = BC

a = BCd

A = B + C +D

A = (B + C)d

A = (B + C)(d+ e)

A = ↵A+ �B

a = ↵Bc+ �a
a = Bc+ a

A = BT

A = ↵B +A
A = B � C

A = ↵B A = A+ ↵I

A = B a = BT c

a = BT c+ d A = 0

Ajl =
X

i,k

Bijk ⇤ Cil ⇤Dkl

Ail =
X

j,k

Bijk ⇤ Cjl ⇤DklAilk =
X

j

Bijk ⇤ Clj

Aij =
X

k

Bijk ⇤ ck

Aik =
X

j

Bijk ⇤ cj

Aijl =
X

k

Bijk ⇤ Clk

Aij =
X

k

Bijk ⇤ ck

Aik =
X

j

Bijk ⇤ cj

Aijl =
X

k

Bijk ⇤ Clk

Ailk =
X

j

Bijk ⇤ Clj

Ail =
X

j,k

Bijk ⇤ Cjl ⇤Dkl

Ajl =
X

i,k

Bijk ⇤ Cil ⇤Dkl

Aij =
X

k

Bijk ⇤ ck

Aik =
X

j

Bijk ⇤ cj

Aijl =
X

k

Bijk ⇤ Clk

Ailk =
X

j

Bijk ⇤ Clj

Ail =
X

j,k

Bijk ⇤ Cjl ⇤Dkl

Ajl =
X

i,k

Bijk ⇤ Cil ⇤Dkl

Aij =
X

k

Bijk ⇤ ck

Aik =
X

j

Bijk ⇤ cj

Aijl =
X

k

Bijk ⇤ Clk

Ailk =
X

j

Bijk ⇤ Clj

Ail =
X

j,k

Bijk ⇤ Cjl ⇤Dkl

Ajl =
X

i,k

Bijk ⇤ Cil ⇤Dkl

Aij = Bij(CikDkj) Aij =
X

k

BijkCijk +DijAij = Bij

X

k

(CikDkj) Aij =
X

k

CijkDijk

Aij =
X

l,k

Blik ⇤ Clj ⇤Dkj
Aij =

X

k,l

Bikjl ⇤ Ckl



2

Tensors are everywhere

Data Analytics Machine Learning Science and Engineering

Movie ratings
Product Reviews

Social interactions Fluorescence 
spectroscopy

General Relativity

QCD

Finite Element Method

Convolutional Layer
Images

Connected Layer



2

Tensors are everywhere

Data Analytics Machine Learning Science and Engineering

Movie ratings
Product Reviews

Social interactions Fluorescence 
spectroscopy

General Relativity

QCD

Finite Element Method

Convolutional Layer
Images

Connected Layer



2

Tensors are everywhere

Data Analytics Machine Learning Science and Engineering

Movie ratings
Product Reviews

Social interactions Fluorescence 
spectroscopy

General Relativity

QCD

Finite Element Method

Convolutional Layer
Images

Connected Layer



2

Tensors are everywhere

Data Analytics Machine Learning Science and Engineering

Movie ratings
Product Reviews

Social interactions Fluorescence 
spectroscopy

General Relativity

QCD

Finite Element Method

Convolutional Layer
Images

Connected Layer



2

Tensors are everywhere

Data Analytics Machine Learning Science and Engineering

Movie ratings
Product Reviews

Social interactions Fluorescence 
spectroscopy

General Relativity

QCD

Finite Element Method

Convolutional Layer
Images

Connected Layer

  Scalars have 0 dimensions

  Vectors have 1 dimension
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Extremely sparse

Dense storage: 107 Exabytes

Sparse storage: 13 Gigabytes
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code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = B[pB2];
    pB2++;
  }

  while (pC2 < C2_pos[pC1+1]) {
    int j = C2_idx[pC2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = C[pC2];
    pC2++;
  }
}
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(b) Generated sparse matrix addition code
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Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; 
           pB2 < B2_pos[pB1 + 1]; 
           pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Sparse code and data
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Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).
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        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}
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code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = B[pB2];
    pB2++;
  }

  while (pC2 < C2_pos[pC1+1]) {
    int j = C2_idx[pC2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = C[pC2];
    pC2++;
  }
}
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(b) Generated sparse matrix addition code
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Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; 
           pB2 < B2_pos[pB1 + 1]; 
           pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}
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code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = B[pB2];
    pB2++;
  }

  while (pC2 < C2_pos[pC1+1]) {
    int j = C2_idx[pC2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = C[pC2];
    pC2++;
  }
}
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Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; 
           pB2 < B2_pos[pB1 + 1]; 
           pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}
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for (int i = 0; i < m; i++) { 

  for (int j = 0; j < n; j++) { 
    int pB2 = (i * n) + j; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int i = 0; i < m; i++) { 

  for (int j = 0; j < n; j++) { 
    int pB2 = (i * n) + j; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int i = 0; i < m; i++) { 

  for (int j = 0; j < n; j++) { 
    int pB2 = (i * n) + j; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int i = 0; i < m; i++) { 

  for (int j = 0; j < n; j++) { 
    int pB2 = (i * n) + j; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int j = 0; j < n; j++) { 
    int pB2 = (pB1 * n) + j; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int j = 0; j < n; j++) { 
    int pB2 = (pB1 * n) + j; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    for (int k = 0; k < p; k++) { 
      int pB3 = (pB2 * p) + k; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2 + 1]; pB3++) { 
      int k = B3_idx[pB3]; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2 + 1]; pB3++) { 
      int k = B3_idx[pB3]; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2 + 1]; pB3++) { 
      int k = B3_idx[pB3]; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}

6

Tensor-vector multiplication example

(dense, dense)

Aij

X

k

Bijk ⇤ ck=

i

j

0
15

6

0
0

10

k
60

70

30 40

i

j 10

50

80 20

k

1

3

(sparse,sparse,sparse) (sparse)



for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    for (int pB3 = B3_pos[pB2]; pB3 < B3_pos[pB2 + 1]; pB3++) { 
      int k = B3_idx[pB3]; 

      a[pA2] += b[pB3] * c[k]; 

    } 
  } 
}
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}
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Tensor-vector multiplication example
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Tensor-vector multiplication example

(sparse,sparse,sparse) (sparse)(dense, dense)
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int pB1 = B1_pos[0]; 
int pD1 = D1_pos[0]; 
while (pB1 < B1_pos[1] && 
       pD1 < D1_pos[1]) { 
  int iB = B1_idx[pB1]; 
  int iD = D1_idx[pD1]; 
  int i = min(iB, iD); 
  if (iB == i && iD == i) { 
    int pB2 = B2_pos[pB1]; 
    int pD2 = D2_pos[pD1]; 
    while (pB2 < B2_pos[pB1 + 1] && 
           pD2 < D2_pos[pD1 + 1]) { 
      int jB = B2_idx[pB2]; 
      int jD = D2_idx[pD2]; 
      int j = min(jB, jD); 
      int pA2 = (i * A2_dimension) + j; 
      if (jB == j && jD == j) { 
        double tk = 0.0; 
        int pB3 = B3_pos[pB2]; 
        int pD3 = D3_pos[pD2]; 
        int pc1 = c1_pos[0]; 
        while (pB3 < B3_pos[pB2 + 1] && 
               pD3 < D3_pos[pD2 + 1] && 
               pc1 < c1_pos[1]) { 
          int kB = B3_idx[pB3]; 
          int kD = D3_idx[pD3]; 
          int kc = c1_idx[pc1]; 
          int k = min(kB, kD, kc); 
          if (kB == k && kD == k && kc == k) { 
            tk += (b[pB3] + d[pD3]) * c[pc1]; 
          } 
          else if (kB == k && kc == k) { 
            tk += b[pB3] * c[pc1]; 
          } 
          else if (kD == k && kc == k) { 
            tk += d[pD3] * c[pc1]; 
          } 
          if (kB == k) pB3++; 
          if (kD == k) pD3++; 
          if (kc == k) pc1++; 
        } 
        while (pB3 < B3_pos[pB2 + 1] && 
               pc1 < c1_pos[1]) { 
          int kB0 = B3_idx[pB3]; 
          int kc0 = c1_idx[pc1]; 
          int k0 = min(kB0, kc0); 
          if (kB0 == k0 && kc0 == k0) { 
            tk += b[pB3] * c[pc1]; 
          } 
          if (kB0 == k0) pB3++; 
          if (kc0 == k0) pc1++; 
        } 
        while (pD3 < D3_pos[pD2 + 1] && 
               pc1 < c1_pos[1]) { 
          int kD0 = D3_idx[pD3]; 
          int kc1 = c1_idx[pc1]; 
          int k1 = min(kD0, kc1); 
          if (kD0 == k1 && kc1 == k1) { 
            tk += d[pD3] * c[pc1]; 
          } 
          if (kD0 == k1) pD3++; 
          if (kc1 == k1) pc1++; 
        } 
        a[pA2] = tk; 
      } 
      else if (jB == j) { 
        double tk0 = 0.0; 
        int pB30 = B3_pos[pB2]; 
        int pc10 = c1_pos[0]; 
        while (pB30 < B3_pos[pB2 + 1] && 
               pc10 < c1_pos[1]) { 
          int kB1 = B3_idx[pB30]; 
          int kc2 = c1_idx[pc10]; 
          int k2 = min(kB1, kc2); 
          if (kB1 == k2 && kc2 == k2) { 
            tk0 += b[pB30] * c[pc10]; 
          } 
          if (kB1 == k2) pB30++; 
          if (kc2 == k2) pc10++; 
        } 
        a[pA2] = tk0; 
      } 
      else { 
        double tk1 = 0.0; 
        int pD30 = D3_pos[pD2]; 
        int pc11 = c1_pos[0]; 
        while (pD30 < D3_pos[pD2 + 1] && 
               pc11 < c1_pos[1]) { 
          int kD1 = D3_idx[pD30]; 
          int kc3 = c1_idx[pc11]; 
          int k3 = min(kD1, kc3); 
          if (kD1 == k3 && kc3 == k3) { 
            tk1 += d[pD30] * c[pc11]; 
          } 
          if (kD1 == k3) pD30++; 
          if (kc3 == k3) pc11++; 
        } 
        a[pA2] = tk1; 
      } 
      if (jB == j) pB2++; 
      if (jD == j) pD2++; 
    }

while (pB1 < B1_pos[1]) { 
  int iB0 = B1_idx[pB1]; 
  for (int pB2 = B2_pos[pB1]; 
               pB2 < B2_pos[pB1 + 1]; 
               pB2++) { 
    int jB2 = B2_idx[pB2]; 
    int pA24 = (iB0 * A2_dimension) + jB2; 
    double tk6 = 0.0; 
    int pB33 = B3_pos[pB2]; 
    int pc16 = c1_pos[0]; 
    while (pB33 < B3_pos[pB2 + 1] && 
           pc16 < c1_pos[1]) { 
      int kB4 = B3_idx[pB33]; 
      int kc8 = c1_idx[pc16]; 
      int k8 = min(kB4, kc8); 
      if (kB4 == k8 && kc8 == k8) { 
        tk6 += b[pB33] * c[pc16]; 
      } 
      if (kB4 == k8) pB33++; 
      if (kc8 == k8) pc16++; 
    } 
    a[pA24] = tk6; 
  } 
  pB1++; 
} 
while (pD1 < D1_pos[1]) { 
  int iD0 = D1_idx[pD1]; 
  for (int pD2 = D2_pos[pD1]; 
               pD2 < D2_pos[pD1 + 1]; 
               pD2++) { 
    int jD2 = D2_idx[pD2]; 
    int pA25 = (iD0 * A2_dimension) + jD2; 
    double tk7 = 0.0; 
    int pD33 = D3_pos[pD2]; 
    int pc17 = c1_pos[0]; 
    while (pD33 < D3_pos[pD2 + 1] && 
           pc17 < c1_pos[1]) { 
      int kD4 = D3_idx[pD33]; 
      int kc9 = c1_idx[pc17]; 
      int k9 = min(kD4, kc9); 
      if (kD4 == k9 && kc9 == k9) { 
        tk7 += d[pD33] * c[pc17]; 
      } 
      if (kD4 == k9) pD33++; 
      if (kc9 == k9) pc17++; 
    } 
    a[pA25] = tk7; 
  } 
  pD1++; 
}

    while (pB2 < B2_pos[pB1 + 1]) { 
      int jB0 = B2_idx[pB2]; 
      int pA20 = (i * A2_dimension) + jB0; 
      double tk2 = 0.0; 
      int pB31 = B3_pos[pB2]; 
      int pc12 = c1_pos[0]; 
      while (pB31 < B3_pos[pB2 + 1] && 
             pc12 < c1_pos[1]) { 
        int kB2 = B3_idx[pB31]; 
        int kc4 = c1_idx[pc12]; 
        int k4 = min(kB2, kc4); 
        if (kB2 == k4 && kc4 == k4) { 
          tk2 += b[pB31] * c[pc12]; 
        } 
        if (kB2 == k4) pB31++; 
        if (kc4 == k4) pc12++; 
      } 
      a[pA20] = tk2; 
      pB2++; 
    } 
    while (pD2 < D2_pos[pD1 + 1]) { 
      int jD0 = D2_idx[pD2]; 
      int pA21 = (i * A2_dimension) + jD0; 
      double tk3 = 0.0; 
      int pD31 = D3_pos[pD2]; 
      int pc13 = c1_pos[0]; 
      while (pD31 < D3_pos[pD2 + 1] && 
             pc13 < c1_pos[1]) { 
        int kD2 = D3_idx[pD31]; 
        int kc5 = c1_idx[pc13]; 
        int k5 = min(kD2, kc5); 
        if (kD2 == k5 && kc5 == k5) { 
          tk3 += d[pD31] * c[pc13]; 
        } 
        if (kD2 == k5) pD31++; 
        if (kc5 == k5) pc13++; 
      } 
      a[pA21] = tk3; 
      pD2++; 
    } 
  } 
  else if (iB == i) { 
    for (int pB2 = B2_pos[pB1]; 
                 pB2 < B2_pos[pB1 + 1]; 
                 pB2++) { 
      int jB1 = B2_idx[pB2]; 
      int pA22 = (i * A2_dimension) + jB1; 
      double tk4 = 0.0; 
      int pB32 = B3_pos[pB2]; 
      int pc14 = c1_pos[0]; 
      while (pB32 < B3_pos[pB2 + 1] && 
             pc14 < c1_pos[1]) { 
        int kB3 = B3_idx[pB32]; 
        int kc6 = c1_idx[pc14]; 
        int k6 = min(kB3, kc6); 
        if (kB3 == k6 && kc6 == k6) { 
          tk4 += b[pB32] * c[pc14]; 
        } 
        if (kB3 == k6) pB32++; 
        if (kc6 == k6) pc14++; 
      } 
      a[pA22] = tk4; 
    } 
  } 
  else { 
    for (int pD2 = D2_pos[pD1]; 
                 pD2 < D2_pos[pD1 + 1]; 
                 pD2++) { 
      int jD1 = D2_idx[pD2]; 
      int pA23 = (i * A2_dimension) + jD1; 
      double tk5 = 0; 
      int pD32 = D3_pos[pD2]; 
      int pc15 = c1_pos[0]; 
      while (pD32 < D3_pos[pD2 + 1] && 
             pc15 < c1_pos[1]) { 
        int kD3 = D3_idx[pD32]; 
        int kc7 = c1_idx[pc15]; 
        int k7 = min(kD3, kc7); 
        if (kD3 == k7 && kc7 == k7) { 
          tk5 += d[pD32] * c[pc15]; 
        } 
        if (kD3 == k7) pD32++; 
        if (kc7 == k7) pc15++; 
      } 
      a[pA23] = tk5; 
    } 
  } 
  if (iB == i) pB1++; 
  if (iD == i) pD1++; 
}

(sparse,sparse,sparse)
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Dense storage formats
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Dense storage formats
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Compressed storage formats
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Compressed storage formats
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Compressed storage formats
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The Tensor Algebra Compiler 77:13

code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = B[pB2];
    pB2++;
  }

  while (pC2 < C2_pos[pC1+1]) {
    int j = C2_idx[pC2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = C[pC2];
    pC2++;
  }
}
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(b) Generated sparse matrix addition code

B
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(c) Iteration graph for matrix addition
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Aij = Bij + Cij
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(d) Dense merge lattice for i
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∅

Bj ∧ Cj

Aij = Bij + Cij

CjBj

Bj

Aij = Cij Aij = Bij

BjCj

(e) Sparse merge lattice for j

Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).

Proc. ACM Program. Lang., Vol. 1, No. OOPSLA, Article 77. Publication date: October 2017.
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; 
           pB2 < B2_pos[pB1 + 1]; 
           pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Sparse code and data

Intermediate Representation 
and Code Generation

Evaluation
rma10

cant

cop20k

scircuit

mac-econ

pwtk

taco
MKL
OSKI
Eigen
UBLAS
Gmm++



11

The Tensor Algebra Compiler (taco)

Aij =
X

k

Bijkck

A : (dense, dense)

B : (dense, sparse, sparse)

c : (sparse)

for (int i = 0; i < m; i++) { 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Tensor Algebra Compiler
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The Tensor Algebra Compiler (taco)

Aij =
X

k

Bijkck

A : (dense, dense)

B : (dense, sparse, sparse)

c : (sparse)

for (int i = 0; i < m; i++) { 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Tensor Expression

Tensor Algebra Compiler
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The Tensor Algebra Compiler (taco)

Aij =
X

k

Bijkck

A : (dense, dense)

B : (dense, sparse, sparse)

c : (sparse)

for (int i = 0; i < m; i++) { 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}

Tensor Expression

Tensor Formats

Tensor Algebra Compiler



11

The Tensor Algebra Compiler (taco)

Aij =
X

k

Bijkck

A : (dense, dense)

B : (dense, sparse, sparse)

c : (sparse)

for (int i = 0; i < m; i++) { 

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
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code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = B[pB2];
    pB2++;
  }

  while (pC2 < C2_pos[pC1+1]) {
    int j = C2_idx[pC2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = C[pC2];
    pC2++;
  }
}
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(b) Generated sparse matrix addition code
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(c) Iteration graph for matrix addition
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BjCj

(e) Sparse merge lattice for j

Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).
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code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”
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    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
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Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).
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}

  for (int pB2 = B2_pos[pB1]; pB2 < B2_pos[pB1 + 1]; pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j;
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    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    }
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      } 
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      if (kc == k) pc1++; 
    }

        A[pA2] += B[pB3] * c[pc1];
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int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_idx[pb1]; 
  int ic = c1_idx[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
}
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  int i = b1_idx[pb1]; 
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}
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  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
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while (pc1 < c1_pos[1]) { 
  int i = c1_idx[pc1]; 
  a[i] = c[pc1++]; 
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while (pb1 < b1_pos[1]) { 
  int i = b1_idx[pb1]; 
  a[i] = b[pb1++]; 
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  int i = min(ib, ic); 

  if (ib == i) pb1++; 
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  if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
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  int i = min(ib, ic); 
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  int i = c1_idx[pc1]; 
  a[i] = c[pc1++]; 
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  a[i] = b[pb1++]; 
}
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int pc1 = c1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_idx[pb1]; 
  int ic = c1_idx[pc1]; 
  int i = min(ib, ic); 

  if (ib == i) pb1++; 
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while (pb1 < b1_pos[1] && pd1 < d1_pos[1]) { 
  int ib0 = b1_idx[pb1]; 
  int id0 = d1_idx[pd1]; 
  int i0 = min(ib0, id0); 
  if (ib0 == i0 && id0 == i0) { 
    a[i0] = b[pb1] * d[pd1]; 
  } 
  if (ib0 == i0) pb1++; 
  if (id0 == i0) pd1++; 
}

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int pd1 = d1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_idx[pb1]; 
  int ic = c1_idx[pc1]; 
  int id = d1_idx[pd1]; 
  int i = min(ib, ic, id); 
  if (ib == i && ic == i && id == i) { 
    a[i] = (b[pb1] + c[pc1]) * d[pd1]; 
  } 
  else if (ib == i && id == i) { 
    a[i] = b[pb1] * d[pd1]; 
  } 
  else if (ic == i && id == i) { 
    a[i] = c[pc1] * d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
} 

while (pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ic0 = c1_idx[pc1]; 
  int id1 = d1_idx[pd1]; 
  int i1 = min(ic0, id1); 
  if (ic0 == i1 && id1 == i1) { 
    a[i1] = c[pc1] * d[pd1]; 
  } 
  if (ic0 == i1) pc1++; 
  if (id1 == i1) pd1++; 
} 
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while (pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ic0 = c1_idx[pc1]; 
  int id1 = d1_idx[pd1]; 
  int i1 = min(ic0, id1); 
  if (ic0 == i1 && id1 == i1) { 
    a[i1] = c[pc1] + d[pd1]; 
  } 
  else if (ic0 == i1) { 
    a[i1] = c[pc1]; 
  } 
  else { 
    a[i1] = d[pd1]; 
  } 
  if (ic0 == i1) pc1++; 
  if (id1 == i1) pd1++; 
} 

while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib1 = b1_idx[pb1]; 
  int ic1 = c1_idx[pc1]; 
  int i2 = min(ib1, ic1); 
  if (ib1 == i2 && ic1 == i2) { 
    a[i2] = b[pb1] + c[pc1]; 
  } 
  else if (ib1 == i2) { 
    a[i2] = b[pb1]; 
  } 
  else { 
    a[i2] = c[pc1]; 
  } 
  if (ib1 == i2) pb1++; 
  if (ic1 == i2) pc1++; 
} 

while (pb1 < b1_pos[1] && pd1 < d1_pos[1]) { 
  int ib0 = b1_idx[pb1]; 
  int id0 = d1_idx[pd1]; 
  int i0 = min(ib0, id0); 
  if (ib0 == i0 && id0 == i0) { 
    a[i0] = b[pb1] + d[pd1]; 
  } 
  else if (ib0 == i0) { 
    a[i0] = b[pb1]; 
  } 
  else { 
    a[i0] = d[pd1]; 
  } 
  if (ib0 == i0) pb1++; 
  if (id0 == i0) pd1++; 
} 

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int pd1 = d1_pos[0]; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1] && pd1 < d1_pos[1]) { 
  int ib = b1_idx[pb1]; 
  int ic = c1_idx[pc1]; 
  int id = d1_idx[pd1]; 
  int i = min(ib, ic, id); 
  if (ib == i && ic == i && id == i) { 
    a[i] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == i && id == i) { 
    a[i] = b[pb1] + d[pd1]; 
  } 
  else if (ic == i && id == i) { 
    a[i] = c[pc1] + d[pd1]; 
  } 
  else if (ib == i && ic == i) { 
    a[i] = b[pb1] + c[pc1]; 
  } 
  else if (ib == i) { 
    a[i] = b[pb1]; 
  } 
  else if (ic == i) { 
    a[i] = c[pc1]; 
  } 
  else { 
    a[i] = d[pd1]; 
  } 
  if (ib == i) pb1++; 
  if (ic == i) pc1++; 
  if (id == i) pd1++; 
}

while (pb1 < b1_pos[1]) { 
  int ib2 = b1_idx[pb1]; 
  a[ib2] = b[pb1]; 
  pb1++; 
}

while (pc1 < c1_pos[1]) { 
  int ic2 = c1_idx[pc1]; 
  a[ic2] = c[pc1]; 
  pc1++; 
} 

while (pd1 < d1_pos[1]) { 
  int id2 = d1_idx[pd1]; 
  a[id2] = d[pd1]; 
  pd1++; 
} 

bi ci
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while (id < d1_dimension) { 
  int pd12 = id; 
  int pa12 = id; 
  a[pa12] = d[pd12]; 
  id++; 
}

while (pb1 < b1_pos[1]) { 
  int ib0 = b1_idx[pb1]; 
  int pd10 = id; 
  int pa10 = id; 
  if (ib0 == id) { 
    a[pa10] = b[pb1] + d[pd10]; 
  } 
  else { 
    a[pa10] = d[pd10]; 
  } 
  if (ib0 == id) pb1++; 
  id++; 
} 

int pb1 = b1_pos[0]; 
int pc1 = c1_pos[0]; 
int id = 0; 
while (pb1 < b1_pos[1] && pc1 < c1_pos[1]) { 
  int ib = b1_idx[pb1]; 
  int ic = c1_idx[pc1]; 
  int pd1 = id; 
  int pa1 = id; 
  if (ib == id && ic == id) { 
    a[pa1] = b[pb1] + c[pc1] + d[pd1]; 
  } 
  else if (ib == id) { 
    a[pa1] = b[pb1] + d[pd1]; 
  } 
  else if (ic == id) { 
    a[pa1] = c[pc1] + d[pd1]; 
  } 
  else { 
    a[pa1] = d[pd1]; 
  } 
  if (ib == id) pb1++; 
  if (ic == id) pc1++; 
  id++; 
} 

while (pc1 < c1_pos[1]) { 
  int ic0 = c1_idx[pc1]; 
  int pd11 = id; 
  int pa11 = id; 
  if (ic0 == id) { 
    a[pa11] = c[pc1] + d[pd11]; 
  } 
  else { 
    a[pa11] = d[pd11]; 
  } 
  if (ic0 == id) pc1++; 
  id++; 
} 
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for (int pB1 = B1_pos[0]; pB1 < B1_pos[1]; pB1++) { 
  int i = B1_idx[pB1]; 

  for (int pB2 = B2_pos[pB1]; 
           pB2 < B2_pos[pB1 + 1]; 
           pB2++) { 
    int j = B2_idx[pB2]; 
    int pA2 = (i * n) + j; 

    int pB3 = B3_pos[pB2]; 
    int pc1 = c1_pos[0]; 
    while (pB3 < B3_pos[pB2 + 1] && pc1 < c1_pos[1]) { 
      int kB = B3_idx[pB3]; 
      int kc = c1_idx[pc1]; 
      int k = min(kB, kc); 
      if (kB == k && kc == k) { 
        a[pA2] += b[pB3] * c[pc1]; 
      } 
      if (kB == k) pB3++; 
      if (kc == k) pc1++; 
    } 
  } 
}
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The Tensor Algebra Compiler 77:13

code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
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    A[pA2] = B[pB2];
    pB2++;
  }
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    pC2++;
  }
}

2

2

3

1

5

5
4

7

8

2

5

8

3-4

2

5
7

3-4

7

8

(b) Generated sparse matrix addition code

B
B1

B2

A
A1

A2 C2

C
C1

i

j

(c) Iteration graph for matrix addition

∅

Aij = Bij + Cij

Bi ∧ Ci

CiBi

(d) Dense merge lattice for i

Cj

∅

Bj ∧ Cj

Aij = Bij + Cij

CjBj

Bj

Aij = Cij Aij = Bij

BjCj

(e) Sparse merge lattice for j

Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the final expression (emit-compute).

Proc. ACM Program. Lang., Vol. 1, No. OOPSLA, Article 77. Publication date: October 2017.
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SpMV is parallel
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SDDMM must be computed in a single kernel

1
2
3
4
5
6
7
8

1 2 3 4 5 6 7 8

B

�

⇥
1
2
3
4
5
6
7
8

1 2 3 4 5 6 7 8

C D

Sampled Dense-Dense Matrix Multiplication (SDDMM)

this dot product need not be computeda = Bc+ b

a = b+ cA = B + C

A = BC

a = BCd

A = B + C +D

A = (B + C)d

A = (B + C)(d+ e)

A = ↵A+ �B

a = ↵Bc+ �a

a = Bc+ a

A = BT

A = ↵B +A

A = B � C

A = ↵B

A = A+ ↵I

A = B
a = BT c

a = BT c+ d

A = 0

Ajl =
X

i,k

Bijk ⇤ Cil ⇤Dkl

Ailk =
X

j

Bijk ⇤ Clj

Aik =
X

j

Bijk ⇤ cj

Aijl =
X

k

Bijk ⇤ Clk

a = Bc

A = B � (CD)

A = B + C +D
y = b�Ax

Aijk = Bijk + Cijk

a = Bc
y = ↵A

T
x+ �z

Aijk =
P

l BijlCkl

Aij
P

k Bijkck

Aij =
P

k,l BiklCkjDlj
↵ =

P
i,j,k BijkCijk

64 inner product
10 inner product



rma10

cant

cop20k

scircuit

mac-econ

pwtk

Normalized Time

taco
Eigen
UBLAS

25

SDDMM must be computed in a single kernel
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MTTKRP must be computed in a single kernel
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.
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Blocked matrices are 4-tensors
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
taco. The left half of each subfigure depicts the sparsity pattern of the matrix, while the right half shows
the normalized storage costs and normalized average execution times (relative to the optimal format) of
matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
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Blocked matrices are 4-tensors
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Fig. 18. Performance of matrix-vector multiplication on various matrices with distinct sparsity patterns using
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matrix-vector multiplication using the storage formats labeled on the horizontal axis to store the matrix. The
storage format labels follow the scheme described in Section 3; for instance, DS is short for (densed1,sparsed2),
while SDᵀ is equivalent to (sparsed2,densed1). The dense matrix input has a density of 0.95, the hypersparse
matrix has a density of 2.5 × 10−5, the row-slicing and column-slicing matrices have densities of 9.5 × 10−3,
and the thermal and blocked matrices have densities of 1.0 × 10−3.

and tensor-times-vector multiplication with matrices and 3rd-order tensors of varying sparsities
as inputs. The tensors are randomly generated with every component having some probability d
of being non-zero, where d is the density of the tensor (i.e. the fraction of components that are
non-zero, and the complement of sparsity). As Fig. 17 shows, while computing with sparse tensor
storage formats incurs some performance penalty as compared to the same computation with
dense formats when the inputs are highly dense, the performance penalty decreases and eventually
turns into performance gain as the sparsity of the inputs increases. For the two computations we
evaluate, we observe that input sparsity of as low as approximately 35% is actually sufficient to
make sparse formats that compress out all zeros—including DCSR and CSF—perform better than
dense formats, which further emphasizes the practicality of sparse tensor storage formats.

Proc. ACM Program. Lang., Vol. 1, No. OOPSLA, Article 77. Publication date: October 2017.

dense - sparse

dense - sparse - dense - dense
sparse - sparse - dense - dense

sparse - sparse

Normalized Time
aik =

X

j

X

l

Bijkl cjl

ai =
X

j

Bij cj



29
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Tensor Algebra Compiler Library and Tools

tensor-compiler.org/codegen

Format  CSR({Dense,Sparse}); 
Format  CSF({Sparse,Sparse,Sparse}); 
Format SVEC({Sparse}); 

Tensor<double> A({1024,1024}, CSR); 
Tensor<double> B = read(“B.tns”, CSF); 
Tensor<double> c = read(“c.tns”, SVEC); 

Var i, j, k; 
A(i,j) = B(i,j,k) * c(k); 

A.evaluate();  // Compiles, assemble, and compute 
               // the expression

Online Code GeneratorC++ Tensor Library

(Vanilla) MIT License

github.com/tensor-compiler/taco
tensor-compiler.org

http://tensor-compiler.org
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